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Abstract

I develop an intuitive concept of perfect dependence between two variables of which at
least one has a nominal scale that is attainable for all marginal distributions and propose
a set of dependence measures that are 1 if and only if this perfect dependence is satisfied.
The advantages of these dependence measures relative to classical dependence measures like
contingency coefficients, Goodman-Kruskal’s lambda and tau and the so-called uncertainty
coefficient are twofold. Firstly, they are defined if one of the variables is real-valued and
exhibits continuities. Secondly, they satisfy the property of attainability. That is, they can
take all values in the interval [0, 1] irrespective of the marginals involved. Both properties
are not shared by the classical dependence measures which need two discrete marginal dis-
tributions and can in some situations yield values close to 0 even though the dependence is
strong or even perfect.

Additionally, I provide a consistent estimator for one of the new dependence measures
together with its asymptotic distribution under independence as well as in the general case.
This allows to construct confidence intervals and an independence test, whose finite sample
performance I subsequently examine in a simulation study. Finally, I illustrate the use of
the new dependence measure in two applications on the dependence between the variables
country and income or country and religion, respectively.

Keywords: Nominal Random Variables; Goodman-Kruskal’s Gamma; Confidence Inter-
vals; Independence Tests

1 Introduction

Most random variables featuring in statistical applications are real-valued. Excluding stochastic
processes, which can be interpreted as function-valued random variables, the only remaining
type of random variables that appear as data in reality are those with a nominal scale. That
is, they map to a set Ω′ with finite cardinality consisting of elements that do not allow for any
metric structure (see Subsection 2.1 for details). While those variables are less interesting from a
mathematical point of view as less measures of central tendency or dispersion and no cdf exists,
they are still of immense practical relevance.

Especially the question of how to understand statistical dependence between random vari-
ables of which at least one has a nominal scale is an important one which has to date not been
addressed in the literature. For example, consider Table 1a in which the absolute frequencies
of Christians, Jews and Muslims living in Germany, Poland and Czechia are displayed. It is
evident that the marginal frequencies do not allow for a concentration of either religion in one
country, which would probably be the plainest type of (perfect) dependence possible. Instead,
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Christians Jews Muslims

Germany 56,071,000 127,000 5,351,000 61,549,000
Poland 36,782,000 3,100 39,200 36,824,300
Czechia 3,684,000 3,700 13,400 3,701,100

96,537,000 133,800 5,403,600 102,074,400

(a) 3× 3 contingency table with absolute frequencies.

measure value

Cramér’s V 0.13
Pearson’s C 0.19

Goodman-Kruskal’s τ 0.03
Uncertainty Coefficient 0.05

(b) Four dependence measures

Table 1: Source: Zurlo, Gina A. (2025) (2020 data)

we have three primarily Christian countries which have Jewish and Muslim minorities of differ-
ing size. In fact, since Poland and Czechia have in the past enacted much stricter migration
policies than Germany, the Muslims in this example are almost fully concentrated in Germany.
The same holds true for Jews whose (re)settlement in Germany has been considered a great
success after the Shoah. Taking the marginal frequencies as given, it is hard to imagine any
bivariate distribution with a stronger dependence than the one displayed (besides removing the
Jews and Muslims completely out of Poland and Czechia). Still, a selection of dependence mea-
sures in Table 1b indicates little to no dependence. This raises the question to which extent
those dependence measures sensibly measure the dependence inherent in this table.

In mathematical terms, the nominal case creates several problems which explain why the
stated dependence measures behave as they do. As no bivariate cdf exists, Fréchet-Hoeffding
bounds (Fréchet, 1951; Hoeffding, 1940) and a (partial) dependence ordering (Tchen, 1980;
Yanagimoto and Okamoto, 1969) are not available. Consequently, dependence measures for
the nominal case such as contingency coefficients, Goodman-Kruskal’s lambda and tau and
the uncertainty coefficient cannot adhere to such concepts which causes serious problems in
the interpretation of these measures. For example, it is easily possible to construct marginal
distributions which constrain the range of these coefficients from [0, 1] to [0, c) with 0 ≤ c ≤ 1
(see Section 4). This is especially true for the introductory example and explains why the
reported values are so small. However, since the marginal distributions have nothing to do with
the dependence, any dependence measure showing such behavior is surely suboptimal.

In addition to that, traditional measures critically rely on the assumption that both variables
whose dependence shall be assessed are discrete. Thus, nominal-continuous comparisons such
as country and income (on an individual level) or nominal-mixed comparisons such as country
and precipitation (on a municipality level) are impossible.

The ambition of this paper therefore firstly is to offer a proposal for a definition of perfect
dependence in the nominal case that is attainable irrespective of the marginals involved in
Section 2. Section 3 collects a set of desirable properties whose fulfillment qualifies a dependence
measure as proper, one of those being that the measure attains the upper bound 1 if and only
if this concept of perfect dependence is satisfied. To the best of my knowledge, existing sets of
desirable properties are almost exclusively tailored towards real-valued random variables (Rényi,
1959; Schweizer and Wolff, 1981; Scarsini, 1984; Mari and Kotz, 2001; Embrechts et al., 2002;
Balakrishnan and Lai, 2009; Fissler and Pohle, 2023). Appendix B in Weiß and Göb (2008)
marks a noteworthy exception.

Section 4 shows the improperness of all existing dependence measures by exploiting their
inability to deal with continuities in one marginal distribution and their non-attainability, i.e.
their characteristic that the upper bound 1 can only be attained if the marginal distributions
exhibit a specific structure.

Section 5 proposes a set of measures that cure the shortcomings of the improper measures
in the nominal-nominal case and comply with the properties needed for properness. Addition-
ally, I establish an analogy between one of those new measures and the maximal correlation
by Gebelein (1941) and Hirschfeld (1935), an undirected dependence measure for real-valued
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random variables mapping to [0, 1]. Moreover, it features a proposal for a dependence measure
in the nominal-continuous case.

Section 6 defines a consistent estimator for the measure(s) based on Goodman-Kruskal’s γ
(Goodman and Kruskal, 1954) and computes its asymptotic distribution, both with and without
the assumption of independence between the involved random variables. These results can in
turn be used to construct confidence intervals and an independence test. Both methods of
statistical inference will subsequently (in Section 7) be examined with respect to their finite
sample performance in a simulation study that features a selected number of DGPs.

I close with two applications in Section 8, one concerning the dependence between country
and income and the other concerning the dependence between country and religion. Section 9
concludes. The Appendix extends Section 4, falsifies an alternative concept of perfect depen-
dence and contains all the proofs as well as additional figures.

Moreover, I provide an R package NCor with an implementation of
the estimator, its confidence intervals and the independence test under
https://github.com/jan-lukas-wermuth/NCor. The replication material for all the results
in the paper is available under https://github.com/jan-lukas-wermuth/replication NCor.

2 Dependence Concepts for Nominal Random Variables

2.1 Setup

Consider two random variables X and Y defined on the same probability space (Ω,F ,P). On
the one hand, at least one of the variables has a nominal scale, i.e. it maps to a set Ω′ (Ω′′)
with 3 ≤ |Ω′| < ∞ (3 ≤ |Ω′′| < ∞) consisting of arbitrary elements without a natural ordering.1

We assume that these sets contain only elements with positive probability. The reason why we
exclude the binary case is that you can always interpret such variables on an ordinal scale, i.e. as
an event happening or not, and we have already treated this case in Pohle et al. (2024). On the
other hand, at most one of the variables exhibits at least an ordinal scale and therefore maps
to R. Consequently, the marginal distribution(s) of the nominal variable(s) is (are) discrete,
and the marginal distribution of the potential other random variable can be either discrete,
continuous, or mixed. We are interested in measuring the strength of dependence between these
two random variables. Any attempt to measure the direction of dependence is doomed due
to the presence of at least one nominal random variable, which makes such an interpretation
impossible.2

2.2 Perfect Dependence

I now introduce a concept of perfect dependence for nominal random variables. Any such concept
must be invariant with respect to the marginal distributions, i.e. it must be possible to attain
perfect dependence irrespective of the shape and values that the involved marginals take (Pohle
et al., 2024; Pohle and Wermuth, 2024). The view that I hold in this paper is that dependence
within real-valued random vectors is not fundamentally different from the dependence within
the vectors considered here. Therefore, we can start our analysis with an arbitrary R2-valued
random vector (X,Y ) with at least one discrete marginal distribution. We assume that this
vector exhibits perfect positive or negative dependence. This is equivalent to its CDF FX,Y

being identical to the Fréchet-Hoeffding upper bound (FX,Y (x, y) := min{FX(x), FY (y)}) or the
Fréchet-Hoeffding lower bound (FX,Y (x, y) := max{0, FX(x) + FY (y) − 1}), respectively. The
replacement of the values of the discrete component(s) by elements of Ω′ (Ω′′) shall now only

1It can, for example, be an alphabet, the set of all religions or the set of all nationalities.
2Weiß and Göb (2008) mention a possibility to define negative dependence also in the nominal case. However,

a prerequisite for this definition is that the ranges of X and Y are identical. This requirement is considered too
strict for our purposes.
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eliminate the directional interpretation. The attribute of perfectness however is sustained such
that (X,Y ) is perfectly dependent, without any notion of positive or negative dependence.

Definition 2.1 (Perfect Dependence). Consider two cases:

1. Only X (w.l.o.g.) has a nominal interpretation and we denote |Ω′| =: a ∈ N≥3. We sort
the elements of Ω′ in an arbitrary but fixed way and write Ω′ = {ω′1, ..., ω′a}. Then, let
Sa be the set of all permutations of {1, ..., a}. With each sa ∈ Sa, we associate Xsa , the
random variable X with the numbering sa (ω′1 := sa(1), ..., ω

′
a := sa(a)). X and Y are

perfectly dependent if there exists an sa ∈ Sa such that FXsa ,Y is equivalent to either the
Fréchet-Hoeffding lower or the Fréchet-Hoeffding upper bound.

2. X and Y have a nominal interpretation and we denote |Ω′| =: a ∈ N≥3, |Ω′′| =: b ∈ N≥3.
We sort the elements of Ω′ and Ω′′ in an arbitrary but fixed way and write Ω′ = {ω′1, ..., ω′a}
and Ω′′ = {ω′′1 , ..., ω′′b }. Then, let Sa be the set of all permutations of {1, ..., a} and Sb be
the set of all permutations of {1, ..., b}. With each sa ∈ Sa, we associate Xsa , the random
variableX with the numbering sa (ω

′
1 := sa(1), ..., ω

′
a := sa(a)). Also, with each sb ∈ Sb, we

associate Y sb , the random variable Y with the numbering sb (ω
′′
1 := sb(1), ..., ω

′′
b := sb(b)).

X and Y are perfectly dependent if there exist sa ∈ Sa and sb ∈ Sb such that FXsa ,Y sb is
equivalent to either the Fréchet-Hoeffding lower or the Fréchet-Hoeffding upper bound.

The following lemma shows that the above definition is unnecessarily complicated. In prin-
ciple, we could drop one of the bounds from our definition.

Lemma 2.2. In case 1 of Definition 2.1, the following two statements are equivalent:

(i) There exists a numbering sa ∈ Sa such that FXsa ,Y is equivalent to the Fréchet-Hoeffding
lower bound.

(ii) There exists a numbering sa ∈ Sa such that FXsa ,Y is equivalent to the Fréchet-Hoeffding
upper bound.

In case 2 of Definition 2.1, the following two statements are equivalent:

(i) There exist numberings sa ∈ Sa and sb ∈ Sb such that FXsa ,Y sb is equivalent to the Fréchet-
Hoeffding lower bound.

(ii) There exist numberings sa ∈ Sa and sb ∈ Sb such that FXsa ,Y sb is equivalent to the Fréchet-
Hoeffding upper bound.

Additionally, we can show that at least case 2 of Definition 2.1 has been introduced earlier,
albeit for continuous real-valued random variables (Geenens and Lafaye de Micheaux, 2022).
The extension of this concept to the nominal case is straightforward.

Definition 2.3. Let X and Y have a nominal interpretation. Then, X and Y are purely
dependent if there exists a measurable function Ψ : [0, 1] 7→ Ω′×Ω′′ such that (X,Y ) = Ψ(U) a.s.
for U ∼ U([0, 1]). Additionally, we require both components of Ψ, if interpreted as deterministic
processes on [0, 1], to change their value exactly a− 1 (for the first component) or b− 1 (for the
second component) times.

Remark 2.4. Without the second requirement in Definition 2.3, every pair of independent random
variables would also be purely dependent. To see this, consider the following algorithm for
constructing Ψ. At first, construct the first component arbitrarily such that the requirement is
fulfilled. Then, choose the second component such that every value ω′′ of Y is chosen together
with each value ω′ of X on an interval of length P(X = ω′)P(Y = ω′′). This choice is always
possible and the claim follows.

Lemma 2.5. Let X and Y have a nominal interpretation. Then, X and Y are purely dependent
if and only if they are perfectly dependent.
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3 Desirable Properties of Dependence Measures

We want to summarize the dependence between X and Y in a single number, a dependence
measure.

Definition 3.1 (Dependence Measure). A dependence measure for the non-deterministic ran-
dom variables X and Y is a mapping δ : D → R (LX,Y 7→ δ(LX,Y )), where we write
δ(X,Y ) := δ(LX,Y ) and define D := M1(Ω

′ × Ω′′) or D := M1(Ω
′ × R). M1(·) denotes the set

of all probability measures on the respective product set, equipped with either P(Ω′) ⊗ P(Ω′′)
or P(Ω′)⊗ B(R).

As already mentioned before, a fundamental difference to the case of two real-valued random
variables is the impossibility to interpret directions of dependence. Thus, this paper aims to
construct a dependence measure that indicates only the strength of dependence, but not the
direction. In order to perform a substantial assessment of whether a measure deserves the
attribute of properness, I develop a set of desirable properties.

Definition 3.2 (Proper Dependence Measure). We call a dependence measure δ(X,Y ) for the
non-deterministic random variables X and Y of which at least X (w.l.o.g.) has a nominal scale
proper, if it fulfills the following characteristics:

(A) Existence: δ(X,Y ) exists for any pair of random variables X and Y .

(B) Normalization: 0 ≤ δ(X,Y ) ≤ 1.

(C) Independence: δ(X,Y ) = 0 if and only if X and Y are independent.

(D) Attainability : δ(X,Y ) = 1 if and only if X and Y are perfectly dependent.

(E) Absolute invariance to strictly monotonic transformations (only applicable if Y has at least
an ordinal scale):

δ(X, g(Y )) = δ(X,Y ), g: R → R strictly monotonic on the range of Y

(F) Symmetry : δ(X,Y ) = δ(Y,X).

Relative to the real-valued case, the most remarkable difference is the absence of negative
values in the co-domain of the dependence measure. This is natural because without the option
to measure direction of dependence, there is no need to distinguish between positive and negative
values. Additionally, a (partial) dependence ordering similar to Yanagimoto and Okamoto (1969)
and Tchen (1980) is in my opinion difficult to construct and therefore left for future research.
As a consequence, I also do not include any property formalizing compliance of a dependence
measure with such a concept. Finally, the attainability axiom uses the novel definition of perfect
dependence and is thus fundamentally different from the attainability definition in the real-
valued case.

4 Improper Dependence Measures

This section together with Appendix A reviews the most popular dependence measures for
the nominal case and thus extends Appendix B in Weiß and Göb (2008). More precisely, I
consider measures based on Pearson’s mean square contingency coefficient, measures based on
proportional reduction of predictive error and an entropy-based measure. Measures of agreement
such as Cohen’s κ (Cohen, 1960) are left out of the discussion because their assumption that X
and Y take exactly the same values is considered too strict for our purposes.

5



measure Google Scholar

Cramér’s V 227.000 27.200
Pearson’s C 65.000 24.900

Tschuprow’s T 2.880 245
Goodman-Kruskal’s λ 1.080 40
Goodman-Kruskal’s τ 460 28
Uncertainty Coefficient 22.900 4.770

Table 2: Google and Google Scholar search results (3rd February 2025)

4.1 Measures Based on Pearson’s Mean Square Contingency Coefficient

The most popular dependence measures for the nominal case arise as normalizations of Pearson’s
Mean Square Contingency (MSC) coefficient (see Table 2 and Liebetrau (1983) for an overview).
This coefficient is the population analogue of the test statistic in Pearson’s χ2 independence test.
It is only defined if both marginal distributions are discrete, i.e. if X takes the values x1, ..., xa
and Y takes the values y1, ..., yb.

MSC(X,Y ) :=
a∑

i=1

b∑
j=1

(P(X = xi, Y = yj)− P(X = xi)P(Y = yj))
2

P(X = xi)P(Y = yj)

Cramér’s V (Cramér, 1945), Tschuprow’s T (Tschuprow, 1925), Pearson’s Contingency Coeffi-
cient PC (Pearson, 1904) and Sakoda’s S (Sakoda, 1977) are now defined as

V (X,Y ) :=

√
MSC(X,Y )

min{a− 1, b− 1}
, T (X,Y ) :=

√
MSC(X,Y )√
(a− 1)(b− 1)

,

PC(X,Y ) :=

√
MSC(X,Y )

1 +MSC(X,Y )
and S(X,Y ) :=

√
MSC(X,Y )min{a, b}

(1 +MSC(X,Y ))min{a− 1, b− 1}
.

Even though their improperness is immediate due to the necessity to have two discrete marginal
distributions, it is insightful to analyze their violation of the attainability property in more
detail. The following lemma is well-known in the literature.

Lemma 4.1 (MSC attainability). It holds that 0 ≤ MSC(X,Y ) ≤ min{a, b}−1. Additionally,
the following two statements hold:

• We have MSC(X,Y ) = 0 if and only if X and Y are independent.

• We have MSC(X,Y ) = min{a, b} − 1 if and only if P(X = xi, Y = yj) = P(X = xi) with
some j = 1, ..., b holds for all i = 1, ..., a (in the case of a ≥ b) or P(X = xi, Y = yj) =
P(Y = yj) with some i = 1, ..., a holds for all j = 1, ..., b (in the case of a ≤ b).

If we interpret the previous lemma with a contingency table with a rows and b columns (see
Table 3), the second statement is equivalent to each row (if a ≥ b) or each column (if a ≤ b)
containing only one non-zero entry. Equipped with this lemma, we can analyze the attainability
properties of the other coefficients.

Lemma 4.2 (attainability). It holds that 0 ≤ V (X,Y ), T (X,Y ), PC(X,Y ), S(X,Y ) ≤ 1. Ad-
ditionally, the following statements hold:

• We have V (X,Y ) = 0 if and only if T (X,Y ) = 0 if and only if PC(X,Y ) = 0 if and only
if S(X,Y ) = 0 if and only if X and Y are independent.
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y1 . . . yb

x1 p11 . . . p1b p1·
...

...
. . .

...
xa pa1 . . . pab pa·

p·1 . . . p·b 1

Table 3: An a × b contingency table with pij := P(X = xi, Y = yj), pi· :=
∑b

j=1 pij and
p·j :=

∑a
i=1 pij .

• We have V (X,Y ) = 1 if and only if S(X,Y ) = 1 if and only if MSC(X,Y ) = min{a, b}−1.

• We have T (X,Y ) = 1 if and only if MSC(X,Y ) = min{a, b} − 1 and a = b.

• We never have PC(X,Y ) = 1.

Given the conditions under which the coefficients attain their maximum value of 1, it is
evident that it is easily possible to construct marginal distributions which do not allow a fulfill-
ment of these conditions (see e.g. the introductory example). Hence, they can be regarded as
too strict as the following lemma shows.

Lemma 4.3 (dependence concepts). If a discrete random vector (X,Y ) fulfills MSC(X,Y ) =
min{a, b} − 1, it also fulfills the concept of perfect dependence defined in Definition 2.1. The
reverse statement is wrong in the following sense:

1. The concept of perfect dependence as defined in Definition 2.1 may be satisfied with
marginals that make MSC(X,Y ) = min{a, b} − 1 impossible.

2. The concept of perfect dependence as defined in Definition 2.1 may be satisfied with
marginals that make MSC(X,Y ) = min{a, b} − 1 possible. Still, it may hold that
MSC(X,Y ) ̸= min{a, b} − 1.

5 Proper Dependence Measures

The essential idea behind the construction of our proper dependence measures is the concept of
perfect dependence explained in Subsection 2.2 together with property (D) from Definition 3.2.

Definition 5.1 (Proper Measure). Consider again the two cases from Definition 2.1:

1. Only X (w.l.o.g.) has a nominal interpretation and we denote |Ω′| =: a ∈ N≥3. We sort
the elements of Ω′ in an arbitrary but fixed way and write Ω′ = {ω′1, ..., ω′a}. Then, let
Sa be the set of all permutations of {1, ..., a}. With each sa ∈ Sa, we associate Xsa , the
random variable X with the numbering sa (ω′1 := sa(1), ..., ω

′
a := sa(a)). The proposed

measure is

δ∗(X,Y ) = max
sa∈Sa

δ(Xsa , Y )

with some proper correlation coefficient δ (Pohle and Wermuth, 2024).

2. X and Y have a nominal interpretation and we denote |Ω′| =: a ∈ N≥3, |Ω′′| =: b ∈ N≥3.
We sort the elements of Ω′ and Ω′′ in an arbitrary but fixed way and write Ω′ = {ω′1, ..., ω′a}
and Ω′′ = {ω′′1 , ..., ω′′b }. Then, let Sa be the set of all permutations of {1, ..., a} and Sb be
the set of all permutations of {1, ..., b}. With each sa ∈ Sa, we associate Xsa , the random
variableX with the numbering sa (ω

′
1 := sa(1), ..., ω

′
a := sa(a)). Also, with each sb ∈ Sb, we

7



associate Y sb , the random variable Y with the numbering sb (ω
′′
1 := sb(1), ..., ω

′′
b := sb(b)).

The proposed measure is

δ∗(X,Y ) = max
sa∈Sa,sb∈Sb

δ(Xsa , Y sb)

with some proper correlation coefficient δ (Pohle and Wermuth, 2024).

Since Goodman-Kruskal’s γ is a proper dependence measure with straightforward inference
procedures (Pohle et al., 2024), we will in the following only analyze our method with respect
to this measure.

Proposition 5.2. Assume case 1 from Definition 2.1. Then, γ∗(X,Y ) fulfills all axioms from
Definition 3.2 besides axiom (C). More precisely, γ∗(X,Y ) = 0 does not imply independence
between X and Y .

Proposition 5.3. Assume case 2 from Definition 2.1. Then, γ∗(X,Y ) is proper.

5.1 Relationship to Undirected Dependence Measures for Real-Valued Ran-
dom Variables

Even though γ∗ is a measure for nominal random variables, the idea behind its construction
is less connected with existing measures for the nominal case than with existing measures for
R2-valued random vectors that map to [0, 1]. Basically, those measures sacrifice the directional
interpretation for a stronger interpretation of the 0 (the measures are 0 if and only ifX and Y are
independent) and a wider concept of perfect dependence which allows those measures to detect
U-shaped relationships, for example. One particularly similar coefficient has been introduced by
Hirschfeld (1935) and Gebelein (1941) and is since called the maximal correlation. It is defined
as

Sr(X,Y ) := sup
f,g

r(f(X), g(Y )),

where r denotes the Pearson correlation and the supremum is taken over the set of all Borel-
measurable functions f, g : R → R. If we now consider

Sγ(X,Y ) := sup
f,g

γ(f(X), g(Y )),

and restrict the set of functions over which we maximize to the set of all bijective functions, an
interesting simplification emerges.

Lemma 5.4. Assume X and Y are both discrete R-valued random variables. It holds that

Sγ(X,Y ) = max
sa∈Sa,sb∈Sb

γ(Xsa , Y sb),

where (Xsa , Y sb) is defined as in case 2 of Definition 5.1, albeit without the necessity to have a
nominal interpretation for X and Y .

Intuitively, the rank-based nature of γ makes it sufficient to consider all possible orderings
of the values that X and Y can take. In the case of two discrete distributions, the innovation of
our proposal is now to consider nominal random variables together with functions f : Ω′ → R
(and g : Ω′′ → R)3 and maximize γ, a correlation coefficient with superior properties relative to
Pearson correlation (Pohle and Wermuth, 2024).

3Holzmann and Klar (2024) already mention the ad hoc extension of the maximal correlation to X - and
Y-valued random variables X and Y , where X and Y are arbitrary measurable spaces.
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6 Statistical Inference

The population coefficient introduced in the previous section is only of practical use if it is
possible to construct a consistent estimator for it. Additionally, knowledge about the asymptotic
distribution could allow us to construct asymptotically valid confidence intervals as well as an
independence test based on the coefficient.

6.1 Estimator

Our estimator simply replaces the theoretical distribution LX,Y implicitly used in Definition 5.1
with the empirical distribution

L̂X,Y :=
1

n

n∑
i=1

δXi,Yi ,

where we assume an i.i.d. sample (X1, Y1), ..., (Xn, Yn) from the distribution of (X,Y ).

Definition 6.1 (Estimator). Consider again the two cases from Definition 2.1:

1. OnlyX (w.l.o.g.) has a nominal interpretation. The empirical marginal distribution L̂X :=
1/n

∑n
i=1 δXi has almost surely only a finite number of values with positive probability

(relative frequency). We denote those values by x1, ..., xk, where it holds that {x1, ..., xk} ⊆
(ω′1, ..., ω

′
a). Again, we redefine x1 := sk(1), ..., xk := sk(k) according to a permutation

sk ∈ Sk and obtain a sample of (Xsk , Y ) with an artificially created random variable Xsk .
The maximum of the set of all k! possible coefficients is our estimate:

γ̂∗n(X,Y ) = max
sk∈Sk

γ̂n(X
sk , Y ).

2. X and Y have a nominal interpretation. The empirical marginal distributions L̂X :=
1/n

∑n
i=1 δXi and L̂Y := 1/n

∑n
i=1 δYi have almost surely only a finite number of values

with positive probability (relative frequency). We denote those values by x1, ..., xk and
y1, ..., yl, respectively. It holds that {x1, ..., xk} ⊆ (ω′1, ..., ω

′
a) and {y1, ..., yl} ⊆ (ω′′1 , ..., ω

′′
b ).

Again, we redefine x1 := sk(1), ..., xk := sk(k) and y1 := sl(1), ..., yl := sl(l) according to
permutations sk ∈ Sk and sl ∈ Sl and obtain a sample of (Xsk , Y sl) with artificially created
random variables Xsk and Y sl . The maximum of the set of all k! · l! possible coefficients4

is our estimate:

γ̂∗n(X,Y ) = max
sk∈Sk,sl∈Sl

γ̂n(X
sk , Y sl).

Proposition 6.2. γ̂∗n is consistent for γ∗.

6.2 Asymptotic Distribution

Imagine the true (or one of potentially many true) population numbering(s) was known to the
researcher. Then, an alternative estimator γ̂(Xsk∗, Y ) or γ̂(Xsk∗, Y sl∗) could be considered in
which sk∗ and sl∗ are fixed. In this case, the standard asymptotic distribution of γ̂ could be
used for statistical inference (Pohle et al., 2024). Unfortunately, this is in reality never the
case and we have no choice but revert to the estimator introduced in Definition 6.1. Since
the maximum function in this estimator always chooses one specific numbering and can (also
asymptotically) oscillate between several of those, the asymptotic distribution is non-standard.
In order to calculate it, we first need the asymptotic distribution of the vector of inputs at the

4The estimation of this coefficient can be computationally challenging since the factorial increases very fast.
For k, l ≤ 4, this is usually of no concern. However, the argument of computational feasibility is also the reason
why we do not consider Bootstrap inference.
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left hand side of (C.3). Since the length of this vector depends on the number of values that
X (and Y ) can take, I can only provide a strategy to compute the asymptotic variance and no
closed-form solution.

Proposition 6.3. Consider the two cases of Definition 6.1.5 Furthermore, assume that (X,Y )
are not perfectly dependent in the sense of Definition 2.1.

1. We have

√
n




...
γ̂n(X

sa , Y )
...

−


...

γ(Xsa , Y )
...


 d→ (U (1), ..., U (a!)) ∼ Na!(0,Σ

1) (1)

2. We have

√
n




...
γ̂n(X

sa , Y sb)
...

−


...

γ(Xsa , Y sb)
...


 d→ (V (1), ..., V (a!·b!)) ∼ Na!·b!(0,Σ

2). (2)

For the asymptotic covariance matrices we have that Σ1 = A1Σ1
UA

1⊤ with an a! × 2 · a!
matrix A1 arising from the Delta Method and a 2 · a! × 2 · a! matrix Σ1

U which arises
from a multivariate CLT for U-statistics. In case 2, we have the same structure with
Σ2 = A2Σ2

UA
2⊤ and an a! ·b!×2 ·a! ·b!-dimensional matrix A2 as well as a 2 ·a! ·b!×2 ·a! ·b!-

dimensional matrix Σ2
U .

Given Proposition 6.3, we can analyze the asymptotic distribution of our estimator. Since
the maximum function is not differentiable, we cannot use the Delta Method to obtain our result.
Instead, the asymptotic distribution is non-standard and contains several case distinctions. In
case our population exhibits perfect dependence in the sense of Definition 2.1, the estimator is
almost surely equal to 1 (if the sample is large enough such that there is variation in either of
the two observed variables). Therefore, we exclude this case in the subsequent proposition.

Proposition 6.4 (Asymptotic Distribution). Assume (1) or (2) and that (X,Y ) are not per-
fectly dependent in the sense of Definition 2.1.

1. There exists a unique γ-maximizing population numbering sa(∗) (sb(∗)). In this case, γ̂∗n
inherits the standard asymptotic distribution of γ̂n (Pohle et al., 2024). It holds that

√
n (γ̂∗n − γ∗)

d→ N (0, σ2
γ∗) with σ2

γ∗ =
1

(1− ν(∗))2
(
σ2
τ(∗) + γ∗2σ2

ν(∗) + 2γ∗στ(∗)ν(∗)

)
,

where (∗) denotes that the respective objects are computed with respect to the numbering
sa(∗) (sb(∗)). The covariances are in case 1 (see Definition 6.1) defined as

σv(∗)w(∗) = 4E
[
k
(v(∗))
1 (Xsa(∗), Y ) k

(w(∗))
1 (Xsa(∗), Y )

]
with v, w ∈ {τ, ν} and σ2

v(∗) := σv(∗)v(∗)

and

k
(ν(∗))
1 (x, y) = P(Xsa(∗) = x) + P(Y = y)− P(Xsa(∗) = x, Y = y)− ν(∗),

k
(τ(∗))
1 (x, y) = 4GXsa(∗),Y (x, y)− 2

(
GXsa(∗)(x) +GY (y)

)
+ 1− τ(∗).

5We define the estimator with respect to the number of values with positive probability mass in the theoretical
distribution of X (and Y ) and not with respect to the number of distinct values that occur in the sample. However
infeasible in practice, this is convenient for this proposition because there almost surely exists a sample size N ∈ N
for which k = a and l = b holds. Thus, until the sample size N is reached, our vector of possible estimates grows
which is difficult to capture notationally. Since this behavior is irrelevant asymptotically, we directly start with
the vector of estimates that would prevail for sample sizes n ≥ N .
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In case 2, we have

σv(∗)w(∗) = 4E
[
k
(v(∗))
1 (Xsa(∗), Y sb(∗)) k

(w(∗))
1 (Xsa(∗), Y sb(∗))

]
and

k
(ν(∗))
1 (x, y) = P(Xsa(∗) = x) + P(Y sb(∗) = y)− P(Xsa(∗) = x, Y sb(∗) = y)− ν(∗),

k
(τ(∗))
1 (x, y) = 4GXsa(∗),Y sb(∗)(x, y)− 2

(
GXsa(∗)(x) +GY sb(∗)(y)

)
+ 1− τ(∗).

2. There exist d population numberings sa(∗1), ..., sb(∗d) or (sa(∗1), sb(∗1)), ..., (sa(∗d), sb(∗d))
(d ∈ N≥2) with ∗1, ..., ∗d ∈ {1, ..., a!} or ∗1, ..., ∗d ∈ {1, ..., a! · b!} that are solutions to the
maximization problem in Definition 5.1. In case 1, it holds that

√
n (γ̂∗n − γ∗)

d→ max{U(∗1), ..., U(∗d)}

with U(∗1), ..., U(∗d) defined as in Proposition 6.3. Similarly in case 2, we have

√
n (γ̂∗n − γ∗)

d→ max{V (∗1), ..., V (∗d)}

with V (∗1), ..., V (∗d) defined as in Proposition 6.3.

Remark 6.5. The number of case distinctions implicit in Proposition 6.4 is very large. It amounts
to

a!∑
d=1

(
a!

d

)
or

a!·b!∑
d=1

(
a! · b!
d

)
in the respective cases of one or two nominal random variables.

6.3 Confidence Intervals

Constructing confidence intervals for our new correlation coefficient is complicated due to the
non-standard asymptotic distribution described in Proposition 6.4. Although a complicated
distribution could still be exploited (see, e.g., the confidence intervals for Cole’s C (Cole, 1949)
in Pohle et al. (2024) constructed by an inverted testing procedure), our problem is that the
researcher does not know which of the many possible asymptotic distributions prevails in her
particular setting.

Facing a similar problem, Holzmann and Klar (2024) propose several methods to construct
confidence intervals using standard procedures or bootstrap. For some of those methods, they
also take into account the case distinctions they have in their asymptotic distribution. We
refrain from such an involved approach for the following reasons. Firstly, we do not consider
bootstrap because due to the rapidly increasing nature of the factorial, estimating the coefficient
is already computationally intensive enough (see also footnote 4). Secondly, the number of case
distinctions in our asymptotic distribution is so large that we do not see any promising path to
combine them in an attempt to construct (possibly conservative) confidence intervals. Instead,
we make a simplifying assumption.

Assumption 1. There exists a unique γ-maximizing population numbering sa(∗) (sb(∗)).

With this assumption (and the assumption that (X,Y ) are not perfectly dependent), we are
in the well-behaved first case of Proposition 6.4 and can construct our confidence intervals with
asymptotic coverage probability 1− α as

[max{γ̂∗n − z1−α/2σ̂
2
γ∗/

√
n, 0},min{γ̂∗n + z1−α/2σ̂

2
γ∗/

√
n, 1}],

where z1−α/2 = Φ−1(1−α/2) and σ̂2
γ∗ is equal to σ̂2

γ as defined in Pohle et al. (2024) relative to
the numbering that γ̂∗n has chosen.
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Lemma 6.6. Under Assumption 1, σ̂2
γ∗ is consistent for σ2

γ∗.

Our simulation section shows that this approach delivers good coverage probabilities for a
set of reasonable DGPs.

6.4 Independence Test

Independence tests for two discrete (or even nominal) random variables are readily available in
the literature and have been in scientific use for decades. Notable examples are the Chi-square
test of independence and the G-Test (McDonald, 2014). However, if we consider a nominal
variable together with a continuous or discrete-continuous variable, testing options are quite
limited. One possibility would be to discretize the continuous part and revert to the G-Test,
but the arbitrariness in choosing the width and number of bins is suboptimal. Another option
would be to regress the continuous variable on dummy variables that jointly determine the value
of the nominal variable and subsequently perform a global F-Test on all the slope coefficients.

Lemma 6.7. Let X : Ω → Ω′ and Y : Ω → R with Ω′ := {ω′1, ..., ω′a}. Consider the regression
model

Y = b1 +
a∑

j=2

bj1{X=ω′
j} + U a.s.

with U : Ω → R independent from X. It holds that

X ⊥ Y ⇔ bj = 0 ∀j ∈ {2, ..., a}.

If the real-valued variable is discrete-continuous, one could in principle extend this strategy
to corner solution models such as Tobit.

Since we know the asymptotic distribution of our correlation coefficient under independence,
we can add a further option based on this coefficient. Unlike as in the construction of confidence
intervals, Assumption 1 is clearly inappropriate. Therefore, the asymptotic distribution is more
complicated.6

Lemma 6.8. Suppose (X,Y ) are independent and either only X (case 1) or X and Y (case 2)
have a nominal scale. In case 1, it holds that

√
nγ̂∗n

d→ max{U(∗1), ..., U(∗a!)}

with U(∗1), ..., U(∗a!) defined as in Proposition 6.3. Similarly in case 2, we have

√
nγ̂∗n

d→ max{V (∗1), ..., V (∗a!·b!)}

with V (∗1), ..., V (∗a!·b!) defined as in Proposition 6.3.

In order to exploit this lemma for an independence test, we need to be able to compute
p-values via the cdf of the limiting distribution. Since for arbitrary R-valued random variables
W1, ...,Wn, it holds that

P(max{W1, ...,Wn} ≤ w) = P(W1 ≤ w, ...,Wn ≤ w),

this can easily be done via the results obtained in Proposition 6.3. However, we need to estimate
the matrices A1 and Σ1

U (case 1) or A2 and Σ2
U (case 2). For the A-matrices, we just replace the

several τ and ν by their empirical counterparts and possibly reduce the size of the matrix if not
all values with positive probability are present in the sample. For the ΣU -matrices, we estimate
σv(i)w(j) with v, w ∈ {τ, ν} and i, j ∈ {1, ..., k!} or i, j ∈ {1, ..., k! · l!} in the spirit of Pohle et al.
(2024), where k, l are defined as in Definition 6.1.

6For an analytical expression of its pdf, see Corollary 4 in Arellano-Valle and Genton (2008). Lemma 4 in
Holzmann and Klar (2024) also gives the cdf, albeit only in the bivariate case.
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y1 y2 y3

x1 76/300 + (2/30)α 4/100− (1/30)α 4/100− (1/30)α 1/3
x2 76/300 + (2/30)α 4/100− (1/30)α 4/100− (1/30)α 1/3
x3 76/300− (4/30)α 4/100 + (2/30)α 4/100 + (2/30)α 1/3

76/100 12/100 12/100 1

(a) DGP with one uniform and one skewed distribution.

y1 y2 y3

x1 1/9 + (2/30)α 1/9− (1/30)α 1/9− (1/30)α 1/3
x2 1/9 + (2/30)α 1/9− (1/30)α 1/9− (1/30)α 1/3
x3 1/9− (4/30)α 1/9 + (2/30)α 1/9 + (2/30)α 1/3

1/3 1/3 1/3 1

(b) DGP with two uniform distributions.

Table 4: Two DGPs in which either of the variables has a nominal scale.

7 Simulations

As a means to evaluate the finite sample performance of the introduced confidence intervals
and the independence test, I simulated coverage rates as well as size and power values for a
collection of DGPs. Each simulation contains MC = 1, 000 pairs of iid observations, features
several degrees of dependence and different sample sizes.

7.1 DGPs

7.1.1 Nominal-Continuous DGPs

The first two DGPs are inspired by classical linear regression in which nominal independent
variables can be accounted for by including binary indicators. X is defined via P(X = A) =
P(X = B) = P(X = C) = 1/3 and Y via

Y = α1{X=B} − α1{X=C} + U, U ∼ N (0, 1), t(1), α ∈ R.

The second pair of DGPs is based on the multinomial logit model with X ∼ N (0, 1), t(1) and

P(Y = A) = exp(−αX)/(1 + exp(−αX) + exp(αX)),

P(Y = B) = exp(αX)/(1 + exp(−αX) + exp(αX)),

P(Y = C) = 1/(1 + exp(−αX) + exp(αX)), α ∈ R.

For both DGPs, α = 0 leads to independent X and Y and the larger α gets in absolute value,
the stronger the dependence7.

7.1.2 Nominal-Nominal DGPs

Table 4 shows two DGPs in which both variables have a nominal scale. The first has one uni-
form and one skewed marginal distribution while the second features two uniform distributions.
Again, α = 0 corresponds to independence and the farther α is away from 0, the stronger the
dependence7.

7In Section 3, I admit that I do not have any concept of dependence ordering in the nominal case. Therefore,
the word “stronger” shall be understood in a heuristic sense.
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γ∗ γ∗ = 0.1

RN RC MLN MLC 3x3 SU 3x3 UU
n = 50 0.153 0.174 0.186 0.177 0.174 0.156
n = 200 0.356 0.395 0.391 0.338 0.175 0.26
n = 800 0.831 0.857 0.859 0.859 0.43 0.718

F, χ2 γ∗ = 0.1

RN RC MLN MLC 3x3 SU 3x3 UU
n = 50 0.152 0.076 0.185 0.126 0.131 0.153
n = 200 0.358 0.063 0.400 0.505 0.165 0.261
n = 800 0.860 0.053 0.878 0.832 0.395 0.729

Table 5: Power values for the γ∗ independence test and the traditional tests (global F-test and
χ2 independence test) at 10% significance with 1,000 Monte Carlo repetitions for all DGPs
described in Subsection 7.1. The following abbreviations are used: Regression Normal (RN),
Regression Cauchy (RC), Multinomial Logit Normal (MLN), Multinomial Logit Cauchy (MLC),
3x3 Skewed Uniform (3x3 SU), 3x3 Uniform Uniform (3x3 UU).

7.2 Results

I present the simulation results for the confidence intervals by means of empirical coverage rate
graphs and the simulation results for the independence test by means of p-value histograms and
power tables.

For the empirical coverage rates, we desire a value close to the nominal value of 90%. Al-
though Assumption 1 is clearly not satisfied for the nominal-continuous DGPs in the indepen-
dence case γ∗ = 0, the coverage probabilities still appear acceptable, especially for stronger
dependencies. The nominal-nominal DGPs are deliberately designed such that Assumption 1 is
never satisfied (note that y2/y3 and x1/x2 occur with the same marginal and joint probabilities
irrespective of the choice of α) and this feature is reflected by low coverage probabilities, espe-
cially for n = 50. For larger sample sizes, the empirical coverage rate increases almost to the
nominal level.

Regarding the independence test, recall that under the null hypothesis (α = 0), the his-
tograms shall converge to a continuous uniform distribution on [0, 1]. For α ̸= 0, we desire a
high rejection rate of the null hypothesis, i.e. high power.

Figure 2a displays p-value histograms for all the considered DGPs under independence where
the test has been conducted based on γ∗. They all show convergence towards the desired
distribution, albeit at different rates. Figure 2b in turn shows the results if we change our
testing procedure to traditional approaches (global F-Test and χ2 test8). The uniformity of our
p-value histograms no longer holds for those DGPs in which the continuous variable follows a
Cauchy distribution. This illustrates the major strength of the new testing approach: Due to
the rank-based nature of the new measure, we do not need to rely on any moment conditions.

Comparing the power values of the different tests in Table 5, we find major advantages of
the γ∗ independence test in the two Cauchy cases. However, there are also large differences in
one DGP for which no assumption that the traditional tests make is violated. The DGP defined
in Table 4a delivers a remarkable increase in power if we switch from the χ2 independence
test to the γ∗ independence test. The reason for that may be the slow convergence of the χ2

test statistic to its limiting distribution if some cells in the contingency table have very small
probabilities (Bruce, 2015). For the remaining DGPs, the traditional tests have usually more
power.

8The G-Test shows worse results than the χ2 test and is therefore omitted.
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Figure 1: Empirical confidence interval coverage rates with nominal level 0.9 and MC = 1, 000
simulation replications for γ∗ for the sample sizes n ∈ {50, 200, 800} and DGPs given in the row
descriptions. The x-axis displays the true values for γ∗ that arise for a specific choice of α.
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(a) γ∗ independence test
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(b) global F-test or χ2 independence test

Figure 2: This figure shows p-value histograms that arise either from the newly introduced
testing scheme (left subplot) or from traditional testing approaches (right subplot). I consider
three different sample sizes and six different DGPs which are explained in Subsection 7.1. For
all DGPs, sampling happens under independence (α = 0) with 1,000 Monte Carlo repetitions.
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Figure 3: γ̂∗ for the comparison between the variables country and income chosen from the
Luxembourg Income Study (LIS) Database (2011 PPP).

8 Application

This section illustrates the two major innovations of this paper in two data examples.

8.1 Case Study on Countries and Income

Firstly, the proposed coefficient is the first coefficient which is able to summarize the dependence
within a bivariate random vector if one marginal distribution is continuously distributed and
the other has a nominal scaling. A self-evident example for such a situation is the fundamental
observation of economics: People in some countries have higher incomes than people in others.

Figure 3a displays the dependence between the variables country and income measured by
the new coefficient. Each colored point is located at a border triangle and represents the value of
the coefficient for those three countries. That is, the variable country always takes exactly three
values and the income data is chosen accordingly. The same information with the corresponding
confidence intervals is displayed in Figure 3b, where the x-axis shows the border triangle (see the
country abbreviations in Table 6). It is clearly visible that border triangles featuring countries
like France or Poland that have large sample sizes exhibit narrower confidence intervals than
other border triangles, for example the one between Hungary, Austria and Slovenia.

With respect to the sizes of the coefficients, those comparisons in which two countries with
a similar mean income (see Table 6) such as France and Germany are a part of exhibit rather
small values. In contrast to that, the Republic of Serbia, Hungary and Romania have a clear
income order which is reflected by a larger coefficient. However, other comparisons like Slovakia,
the Czech Republic and Austria also have an unambiguous income order in terms of the mean
but still yield a small coefficient estimate. The reason for this behavior is of course that even
heavily differing means can be explained by few outliers, a differing number of zeros and other
factors that have little influence on a rank-based measure like γ̂∗.

8.2 Case Study on Countries and Religions

Secondly, the proposed coefficient satisfies the property of attainability. As described in Section
4, the traditional measures only satisfy this property if the marginal distributions have a certain
structure. In the balanced setting of a 3× 3 contingency table, this amounts to the requirement
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abbreviation country sample size mean income

At Austria 12,096 32,597.75
Be Belgium 15,030 28,415.33
Cz Czech Republic 19,205 14,264.06
Fr France 86,392 23,135.25
Ge Germany 50,563 24,230.60
Hu Hungary 6,237 8,317.53
It Italy 15,198 35,588.65
Lu Luxembourg 9,098 46,569.78
Nl Netherlands 30,378 32,691.95
Pl Poland 87,603 10,128.91
Ro Romania 16,609 13,997.20
Rs Republic of Serbia 15,309 5,110.57
Si Slovenia 11,228 11,824.54
Sk Slovakia 14,653 10,548.63
Sw Switzerland 18,215 38,723.87

Table 6: This table lists all countries that are considered in this case study together with their
abbreviations, their respective numbers of income replies and their respective mean income
values.

that the marginals are identical in terms of the probability mass. That means that the values
of the variables can differ but for each value of the first variable there needs to exist a value of
the second variable with the same marginal probability mass.

An example for a comparison in which this requirement is particularly heavily violated
is the one between the variables country and religion. Population data on those variables is
available in the world religion database (Zurlo, Gina A., 2025). Since we only consider the three
monotheistic world religions Christianity, Islam and Judaism and perform our analysis for each
border triangle separately, we are indeed in the setting of 3 × 3 contingency tables. However,
the marginals in those tables are typically very different. For example, European countries
usually have Christian population majorities and very little Muslims and even fewer Jews. As
a consequence, the marginal distribution of the variable religion is skewed towards Christianity
but the marginal distribution of the variable country may be more balanced.

The differing assessments of dependence between the new coefficient and the old coefficients,
where Cramér’s V serves as a representative for the traditional measures, are now nicely illus-
trated in Figure 4. The maps for the remaining measures are located in Appendix D (Figure 5),
but display qualitatively similar correlation patterns to the one for Cramér’s V. Two observa-
tions are immediate: On the one hand, the new coefficient generally yields larger values. On the
other hand, the difference varies heavily across the comparisons. One particularly good example
for the strength of the new coefficient are the border triangles Germany, Austria, Switzerland
and Germany, Poland, Czechia. Cramér’s V indicates a rather weak dependence for both trian-
gles, although the value for the latter triangle is a little larger. The newly proposed coefficient
however yields almost the same value as Cramér’s V for the German-speaking triangle and a
value close to one for the other triangle. Indeed, the dependence in both comparisons is very
different. Germany, Austria and Switzerland have very similar social structures and religious
groups of similar (relative) size. Thus, the dependence between country and religion is weak
in this example. But in contrast to Germany, Poland and Czechia have enforced very restric-
tive migration policies in the past, which results in small religious minorities, especially on the
Muslim side. Because both countries also barely have Jews, the Muslims and the Jews are in
this example almost fully concentrated in Germany. The reason why Cramér’s V yields such a
small value is therefore not the weak dependence but the extremely skewed marginal distribu-
tion of the variable religion which is not matched by an equally skewed marginal distribution
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Figure 4: This figure shows Cramér’s V (upper plot) and γ∗ (lower plot) for the dependence
between the variables country and religion. Each colored dot represents the value of the re-
spective coefficient if the variable country is restricted to the three countries featuring in the
border triangle at which the dot is located. The variable religion is always restriced to the three
monotheistic world religions Christianity, Islam and Judaism.
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of the variable country. An additional reason is the structurally different definition of perfect
dependence that I defend in this paper which can lead to large differences between traditional
measures and γ∗ even if the marginal probabilities were such that the traditional measures are
attainable (see Table C.1).

Another nice example is the border triangle Bulgaria, Greece and Turkey. While Bulgaria
and Greece have Christian majorities, Turkey is a primarily Muslim country. This situation of an
obvious statistical dependence which consists of large religious blocks concentrated in different
countries is nicely captured by both coefficients.

9 Conclusion

This paper has proposed a new concept of perfect dependence between two random variables of
which at least one has a nominal scale that is attainable irrespective of the involved marginal
distributions. In addition to that, it introduces the notion of proper dependence measures
to the nominal case by defining a set of desirable properties which each such measure has to
fulfill. All existing dependence measures fail to satisfy some of the axioms, especially since the
existence axiom requires the ability to deal with a nominal-continuous combination of marginal
distributions and the attainability axiom requires compliance with the previously defined concept
of perfect dependence. As a result, new measures are necessary which are also proposed in this
paper. For one of those, I develop asymptotic theory that can subsequently be exploited for
confidence intervals and independence testing. Simulations show good finite sample performance
for both methods of statistical inference and two applications illustrate the superiority of the
new coefficient relative to existing ones.

Future research could continue the quest for a proper dependence measure also in the case
in which only one nominal random variable is present. Also, it would be interesting to extend
the notion of margin-freeness to nominal random variables and include this feature into the set
of desirable properties (Geenens, 2020).
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l’Université Lyon A (3) 14, 53–77.

Gebelein, H. (1941). Das statistische Problem der Korrelation als Variations- und Eigenwert-
problem und sein Zusammenhang mit der Ausgleichsrechnung. ZAMM-Journal of Applied
Mathematics and Mechanics/Zeitschrift für Angewandte Mathematik und Mechanik 21 (6),
364–379.

Geenens, G. (2020). Copula modeling for discrete random vectors. Dependence Modeling 8 (1),
417–440.

Geenens, G. and P. Lafaye de Micheaux (2022). The hellinger correlation. Journal of the
American Statistical Association 117 (538), 639–653.

Goodman, L. A. and W. H. Kruskal (1954). Measures of association for cross classifications.
Journal of the American Statistical Association 49 (268), 732–764.

Hirschfeld, H. O. (1935). A connection between correlation and contingency. Mathematical
Proceedings of the Cambridge Philosophical Society 31 (4), 520–524.

Hoeffding, W. (1940). Masstabinvariante Korrelationstheorie. Schriften des Mathematischen
Instituts und Instituts fur Angewandte Mathematik der Universitaet Berlin 5, 181–233.

Holzmann, H. and B. Klar (2024). Lancaster correlation – a new dependence measure linked to
maximum correlation. arXiv preprint: 2303.17872 .

Lehmann, E. L. (1999). Elements of large-sample theory. New York, NY: Springer.

Liebetrau, A. M. (1983). Measures of Association. Newbury Park, CA: Sage.

Luxembourg Income Study (LIS) Database. http://www.lisdatacenter.org. Germany;
September 2024 - January 2025. Luxembourg: LIS.

Mari, D. D. and S. Kotz (2001). Correlation and Dependence. London, UK: Imperial College
Press.

McDonald, J. H. (2014). Handbook of Biological Statistics (3 ed.). Baltimore, Maryland: Sparky
House Publishing.

Pearson, K. (1904). Mathematical contributions to the theory of evolution. XIII. On the theory
of contingency and its relation to association and normal correlation. Drapers’ Company
Research Memoirs. Biometric Series 1. London, UK: Dulau and Co.

Pohle, M.-O., T. Dimitriadis, and J.-L. Wermuth (2024). Measuring dependence between events.
arXiv preprint: 2403.17580 .

Pohle, M.-O., C. H. Weiß, and J.-L. Wermuth (2024). Asymptotic inference for rank correlations.
mimeo.

Pohle, M.-O. and J.-L. Wermuth (2024). Proper correlation coefficients for discrete random
variables. mimeo.

Press, W. H., S. A. Teukolsky, W. T. Vetterling, and B. P. Flannery (1992). Numerical Recipes
in C (2 ed.). Cambridge: Cambridge University Press.
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Appendices

A Further Improper Dependence Measures

A.1 Measures Based on Proportional Reduction in Predictive Error

The second most popular class of dependence measures has been proposed in the first of a series
of seminal papers by Goodman and Kruskal (1954). It consists of Goodman-Kruskal’s λ and τ .
Again, both measures only work in a setting of two discrete random variables. Introducing the
notations

pm· := max
i

pi·, p·m := max
j

p·j , pmj := max
i

pij and pim := max
j

pij ,

one can define

λy(X,Y ) :=

∑a
i=1 pim − p·m
1− p·m

and λx(X,Y ) :=

∑b
j=1 pmj − pm·

1− pm·
.

The interpretation of λy is the following: If someone (with knowledge about the distribution
of (X,Y )) has to guess the category of Y in which an unknown realization of (X,Y ) is in,
the best guess would be to choose the category with the highest probability. This results in a
misclassification probability of 1− p·m. If on the other hand the value of X that this unknown
realization takes was known (and e.g. xi), the probability of misclassification would be 1−pim/pi·.
However, since this is a conditional probability we can use the law of total probability to obtain

P(Error) =
a∑

i=1

P(Error|X = xi)P(X = xi) =
a∑

i=1

(1− pim/pi·)pi· = 1−
a∑

i=1

pim. (A.1)
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λy is now the relative reduction in error when guessing the category of Y with knowing X
relative to without knowing X. The interpretation of λx is analogous.

Since both measures are asymmetric, one can construct a symmetrized measure as

λ(X,Y ) :=
1
2(
∑a

i=1 pim +
∑b

j=1 pmj − p·m − pm·)

1− 1
2(p·m + pm·)

.

The interpretation is again a reduction in predictive error but this time with a 50% probability
that the category of X and a 50% probability that the category of Y has to be guessed.

Goodman-Kruskal’s τ in turn can be defined as

τy(X,Y ) :=

∑a
i=1

∑b
j=1 p

2
ij/pi· −

∑b
j=1 p

2
·j

1−
∑b

j=1 p
2
·j

and τx(X,Y ) :=

∑a
i=1

∑b
j=1 p

2
ij/p·j −

∑a
i=1 p

2
i·

1−
∑a

i=1 p
2
i·

.

It has a similar interpretation as λ but with a different classification rule. In the case without
any information, we guess the category of Y by choosing yj with probability p·j for j = 1, ..., b.

This results in a misclassification probability of 1 −
∑b

j=1 p
2
·j . In the case with information

about X (say X = xi), we guess yj with probability pij/pi· for j = 1, ..., b. The probability

of misclassification given X = xi is thus 1 −
∑b

j=1(pij/pi·)
2. A calculation similar to equation

(A.1) leads to an unconditional misclassification probability of 1−
∑a

i=1

∑b
j=1 p

2
ij/pi·.

Again, a symmetrized version

τ(X,Y ) :=
1
2(
∑a

i=1

∑b
j=1 p

2
ij/pi· +

∑a
i=1

∑b
j=1 p

2
ij/p·j −

∑b
j=1 p

2
·j −

∑a
i=1 p

2
i·)

1− 1
2(
∑b

j=1 p
2
·j +

∑a
i=1 p

2
i·)

can be easily defined.
Similarly to the contingency coefficients, the improperness of λ and τ is immediate because

of the necessity to have two discrete marginal distributions. However, the underlying concept of
perfect dependence is still interesting.

Lemma A.1 (attainability). It holds that 0 ≤ λ(X,Y ), τ(X,Y ) ≤ 1. Additionally, the following
statements hold:

• We have λ(X,Y ) = 0 if X and Y are independent but not the converse.

• We have τ(X,Y ) = 0 if and only if X and Y are independent.

• We have λ(X,Y ) = 1 if and only if τ(X,Y ) = 1 if and only if each row and each column
of Table 3 contains only one nonzero entry.

Again, we are confronted with an even stricter concept of perfect dependence.

Lemma A.2 (dependence concepts). If a discrete random vector (X,Y ) fulfills λ(X,Y ) = 1
(or equivalently τ(X,Y ) = 1), it also fulfills MSC(X,Y ) = min{a, b} − 1. The reverse is not
true.

A.2 Entropy-Based Measure

The last measure to review is the so-called uncertainty coefficient9. It is originally only defined
for two discrete random variables and reads as

U(X,Y ) := 2

(
H(X) +H(Y )−H(X,Y )

H(X) +H(Y )

)
,

9In many publications it is mentioned that the coefficient goes back to Henri Theil. However, an original
source is hard to find. As a consequence, we refuse to adopt the sometimes used name “Theil’s U”.
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where

H(X) := −
a∑

i=1

pi· ln(pi·), H(Y ) := −
b∑

j=1

p·j ln(p·j), and H(X,Y ) := −
a∑

i=1

b∑
j=1

pij ln(pij).

We obtain another attainability and dependence concepts lemma.

Lemma A.3 (attainability). It holds that 0 ≤ U(X,Y ) ≤ 1. Additionally, the following state-
ments hold:

• We have U(X,Y ) = 0 if and only if X and Y are independent.

• We have U(X,Y ) = 1 if and only if each row and each column of Table 3 contains only
one nonzero entry.

Lemma A.4 (dependence concepts). If a discrete random vector (X,Y ) fulfills U(X,Y ) = 1,
it also fulfills MSC(X,Y ) = min{a, b} − 1. The reverse is not true.

B Perfect Dependence via Binary Decomposition

A self-evident viewpoint towards perfect dependence in contingency tables with nominal random
variables is to reduce the problem to the binary case in which nominal random variables can
be treated as ordinal. One could, for example, define perfect dependence in such a setting as
follows.

Definition B.1. Let X and Y be nominal, that is, Ω′ = {ω′1, ..., ω′a} and Ω′′ =
{ω′′1 , ..., ω′′b }. X and Y are perfectly dependent if every element of {1{ω′

1}(X), ...,1{ω′
a}(X)} ×

{1{ω′′
1 }(Y ), ...,1{ω′′

b }(Y )} is perfectly dependent, i.e. comonotonic or countermonotonic.

However, with such a definition, two problems arise. Firstly, we are left without a definition
of perfect dependence for the case in which X is nominal and Y is continuous. Secondly, it is
easily possible to construct marginal distributions that do not allow for such perfect dependence.

Example B.2. Let Ω′ = {A,B,C} and Ω′′ = {a, b}. Consider the marginal probabilities of
Table B.1. We start in Table B.2a with a comonotonic coupling and fill in the corresponding
interior fields in Table B.1. In Table B.2b, we must choose a countermonotonic coupling to
respect the marginal probabilities in Table B.1. As a consequence, the decomposition in Table
B.2c can no longer be either co- or countermonotonic. The same logic can be applied in Table
B.3 and again we are left with one binary comparison that is not perfectly dependent. Since
there are no further possible decompositions, we have proved that our example does not allow
for perfect dependence in the sense of Definition B.1.

a b

A 4/15 0 4/15
B 0 5/15 5/15
C 3/15 3/15 6/15

7/15 8/15 1

(a) Decomposition 1

a b

A 0 4/15 4/15
B 5/15 0 5/15
C 2/15 4/15 6/15

7/15 8/15 1

(b) Decomposition 2

Table B.1: Contingency table which does not allow for a decomposition into co- or counter-
monotonic binary comparisons.
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a b

A 4/15 0 4/15
Ac 3/15 8/15 11/15

7/15 8/15 1

(a) Comonotonic

a b

B 0 5/15 5/15
Bc 7/15 3/15 10/15

7/15 8/15 1

(b) Countermonotonic

a b

C 3/15 3/15 6/15
Cc 4/15 5/15 9/15

7/15 8/15 1

(c) Neither co- nor countermon.

Table B.2: Decomposition 1

a b

A 0 4/15 4/15
Ac 7/15 4/15 11/15

7/15 8/15 1

(a) Countermonotonic

a b

B 5/15 0 5/15
Bc 2/15 8/15 10/15

7/15 8/15 1

(b) Comonotonic

a b

C 2/15 4/15 6/15
Cc 5/15 4/15 9/15

7/15 8/15 1

(c) Neither co- nor countermon.

Table B.3: Decomposition 2

C Proofs

In this section, I provide the proofs for all the conceptual results of Sections 2, 4 and 5 as well as
Appendix A in Subsection C.1. After that, I continue to present the proofs for all the asymptotic
results of Section 6 in Subsection C.2.

C.1 Proofs for the Results of Sections 2, 4, 5 and Appendix A

Proof of Lemma 2.2. Case 1: “(ii) ⇒ (i)”. By assumption it holds that FXsa ,Y (x, y) =
min {FXsa (x), FY (y)}. This is equivalent to (Xsa , Y ) ∼ (F←Xsa (U), F←Y (U)), where U ∼ U(0, 1)
and F←(u) := inf{x : F (x) ≥ u} for some CDF F (Embrechts et al., 2002). Denote now by
s−a ∈ Sa the complementary permutation of sa, i.e.

s−a = (a− sa(1) + 1, ..., a− sa(a) + 1).

It follows that
(
Xs−a , Y

)
∼

(
F←
Xs−a

(1− U), F←Y (U)
)
, which is equivalent to F

Xs−a ,Y
(x, y) =

max {FXsa (x) + FY (y)− 1, 0}. The proof for the opposite direction works similarly.
Case 2: Perform the same procedure as in the proof for case 1 while holding sb constant.

Proof of Lemma 2.5. Perfect dependence implies existence of sa ∈ Sa and sb ∈ Sb

such that FXsa ,Y sb is equivalent to the Fréchet-Hoeffding upper bound, i.e. FXsa ,Y sb =
((F←Xsa (U), F←Y sb (U))). Reapplying the nominal labels yields Ψ. If, on the other hand, we know
that X and Y are purely dependent, then we know that the marginal components of Ψ must
yield the marginal distributions of X and Y , respectively. We always find exactly one pair of
permutations sa ∈ Sa and sb ∈ Sb that make both components of Ψ (if the image set is numbered
according to sa and sb) weakly increasing. It follows that FXsa ,Y sb = ((F←Xsa (U), F←Y sb (U))).

Proof of Lemma 4.1. The first statement is immediate from the definitions of independence and
MSC.
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For the second statement, assume w.l.o.g. that a ≥ b. We can rewrite

MSC(X,Y ) =
a∑

i=1

b∑
j=1

(P(X = xi, Y = yj)− P(X = xi)P(Y = yj))
2

P(X = xi)P(Y = yj)

=
a∑

i=1

b∑
j=1

P(X = xi, Y = yj)
2

P(X = xi)P(Y = yj)
− 2

a∑
i=1

b∑
j=1

P(X = xi, Y = yj)

+
a∑

i=1

b∑
j=1

P(X = xi)P(Y = yj).

The latter two sums are 1 and therefore it follows that

MSC(X,Y ) =
a∑

i=1

b∑
j=1

P(X = xi, Y = yj)
2

P(X = xi)P(Y = yj)
− 1.

We can further rewrite

a∑
i=1

b∑
j=1

P(X = xi, Y = yj)
2

P(X = xi)P(Y = yj)
=

b∑
j=1

1

P(Y = yj)

a∑
i=1

P(X = xi, Y = yj)

P(X = xi)︸ ︷︷ ︸
≤1

P(X = xi, Y = yj) ≤ b.

It is obvious that this upper bound is reached if and only if P(X = xi, Y = yj) = P(X = xi) for
all i = 1, ..., a and j = 1, ..., b for which P(X = xi, Y = yj) ̸= 0 holds. Since there can always be
only one j for which this condition holds, the other joint probabilities have to be 0.

Proof of Lemma 4.2. We only prove the third statement. W.l.o.g. we assume a ≥ b. It holds
that

min{a− 1, b− 1} = b− 1 =
√

(b− 1)2 ≤
√

(b− 1)(a− 1)

with equality if and only if a = b.

Proof of Lemma 4.3. We know that MSC(X,Y ) = min{a, b} − 1 if and only if each row (if
a ≥ b) or each column (if a ≤ b) contains only one non-zero entry. If we have two nominal
variables, we can thus choose a numbering (sa, sb) leading to (Xsa , Y sb) = (F←Xsa (U), F←Y sb (U)).
The same holds true if we only have one variable of a nominal scale.

For the second statement, observe the following two counterexamples:

1. Consider a = b = 3 and P(X = x1) = 0.1, P(X = x2) = 0.7, P(X = x3) = 0.2, P(Y =
y1) = 0.3, P(Y = y2) = 0.6 and P(Y = y3) = 0.1. With such marginal probabilities, it is
impossible to form a contingency table in which every row and every column contain only
one non-zero entry.

2. Table C.1a and C.1b constitute a counterexample.

Proof of Proposition 5.2. Axioms (A) and (F) are clear.
For axiom (B), note that the complementary permutation (see the proof for Lemma 2.2

for a definition) constitutes a strictly monotonic transformation and it holds that γ(Xsa , Y ) =

−γ(Xs−a , Y ). The weak positivity of γ∗ follows.
For axiom (C), suppose that X and Y are independent. Then, Xsa and Y are also

independent for every sa ∈ Sa. Therefore, γ∗(X,Y ) = 0 follows. For the other direc-
tion, consider the following counterexample. Let Y ∼ N (0, 1) and X being defined via
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y1 y2 y3

x1 0.4 0.2 0.1 0.7
x2 0.2 0 0 0.2
x3 0.1 0 0 0.1

0.7 0.2 0.1 1

(a) MSC(X,Y ) ̸= min{a, b}−1 and perfect depen-
dence as in Definition 2.1.

y1 y2 y3

x1 0.7 0 0 0.7
x2 0 0.2 0 0.2
x3 0 0 0.1 0.1

0.7 0.2 0.1 1

(b) MSC(X,Y ) = min{a, b}−1 and perfect depen-
dence as in Definition 2.1.

Table C.1: Fictitious counterexample supporting the proof for Lemma 4.3.

P(X = A | 3 ≤ |Y |) = 1, P(X = B | 2 ≤ |Y | < 3) = 1 and P(X = C | 2 > |Y |) = 1.
Clearly, X and Y are not independent but it still holds that γ∗(X,Y ) = 0.

Axiom (D) follows because if X and Y are perfectly dependent, the maximum operator will
find sa ∈ Sa such that γ(Xsa , Y ) = 1. Conversely, if γ∗(X,Y ) = 1, there exists sa ∈ Sa such
that γ(Xsa , Y ) = 1 and therefore, (Xsa , Y ) are comonotonic which is equivalent to X and Y
being perfectly dependent.

Axiom (E) follows for strictly increasing transformations because of the rank-based nature

of Y . For strictly decreasing transformations g, we can utilize that γ(Xsa , Y ) = −γ(Xs−a , Y ) =

γ(Xs−a , g(Y )), where s−a is again the complementary permutation from Lemma 2.2.

Proof of Proposition 5.3. Axioms (A) and (F) are clear.
For axiom (B), note that the complementary permutation (see the proof for Lemma 2.2 for

a definition) constitutes a strictly monotonic transformation and it holds that γ(Xsa , Y sb) =

−γ(Xs−a , Y sb) = −γ(Xsa , Y s−b ) = γ(Xs−a , Y s−b ). The weak positivity of γ∗ follows.
Axiom (D) follows because if X and Y are perfectly dependent, the maximum operator will

find sa ∈ Sa and sb ∈ Sb such that γ(Xsa , Y sb) = 1. Conversely, if γ∗(X,Y ) = 1, there exist
sa ∈ Sa and sb ∈ Sb such that γ(Xsa , Y sb) = 1 and therefore, (Xsa , Y sb) is comonotonic or
countermonotonic which is equivalent to X and Y being perfectly dependent.

For axiom (C), consider the following reasoning. Suppose X and Y are independent. Then,
Xsa and Y sb are also independent for every sa ∈ Sa and sb ∈ Sb. Therefore, γ∗(X,Y ) = 0
follows.

Conversely, assume γ∗(X,Y ) = 0. Then, the reasoning in the proof for axiom (B) applies
and we have γ(Xsa , Y sb) = 0 for all sa ∈ Sa and sb ∈ Sb. We now proceed in three steps. Firstly,
we show the binary case (a = b = 2). After that, we prove the result for arbitrary a ∈ N≥2 and
b = 2 and then for arbitrary a ∈ N≥2 and b ∈ N≥2. For the binary case, simple calculations yield

τK
(
1ω′

1
,1ω′′

1

)
= 2(P(X = ω′1, Y = ω′′1) − P(X = ω′1)P(Y = ω′′1)), where τK denotes Kendall’s

tau. Therefore, by assumption we get

P(X = ω′1, Y = ω′′1) = P(X = ω′1)P(Y = ω′′1),P(X = ω′1, Y = ω′′2) = P(X = ω′1)P(Y = ω′′2),

P(X = ω′2, Y = ω′′1) = P(X = ω′2)P(Y = ω′′1) and P(X = ω′2, Y = ω′′2) = P(X = ω′2)P(Y = ω′′2).

This is equivalent to X and Y being independent.
For arbitrary a ∈ N≥2, our assumption implies for fixed sa and sb that

P((Xsa − X̃sa)(Y sb − Ỹ sb) > 0) = 2

a−1∑
j=1

P(Xsa = j, Y sb = 1)

a∑
i=j+1

P(Xsa = i, Y sb = 2)

= 2
a−1∑
j=1

P(Xsa = j, Y sb = 2)
a∑

i=j+1

P(Xsa = i, Y sb = 1)

= P((Xsa − X̃sa)(Y sb − Ỹ sb) < 0).
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We can rewrite

P(Xsa = 1, Y sb = 1)P(Xsa > 1, Y sb = 2) +
a−1∑
j=2

P(Xsa = j, Y sb = 1)
a∑

i=j+1

P(Xsa = i, Y sb = 2)

= P(Xsa = 1, Y sb = 2)P(Xsa > 1, Y sb = 1) +

a−1∑
j=2

P(Xsa = j, Y sb = 2)
a∑

i=j+1

P(Xsa = i, Y sb = 1).

(C.1)

The double sum at the left hand side of equation (C.1) can be reordered as

a−1∑
j=2

a∑
i=j+1

P(Xsa = j, Y sb = 1)P(Xsa = i, Y sb = 2) =
a∑

i=3

i−1∑
j=2

P(Xsa = i, Y sb = 2)P(Xsa = j, Y sb = 1)

By assumption, the equation still holds if we permute the a − 1 largest values for Xsa

according to the complementary permutation (a 7→ 2, a−1 7→ 3, ..., 2 7→ a). Therefore, it follows
that

a∑
i=3

i−1∑
j=2

P(Xsa = i, Y sb = 2)P(Xsa = j, Y sb = 1) =

a−1∑
j=2

a∑
i=j+1

P(Xsa = j, Y sb = 2)P(Xsa = i, Y sb = 1)

We arrive at a second equation

P(Xsa = 1, Y sb = 1)P(Xsa > 1, Y sb = 2) +
a−1∑
j=2

P(Xsa = j, Y sb = 2)
a∑

i=j+1

P(Xsa = i, Y sb = 1)

= P(Xsa = 1, Y sb = 2)P(Xsa > 1, Y sb = 1) +

a−1∑
j=2

P(Xsa = j, Y sb = 1)

a∑
i=j+1

P(Xsa = i, Y sb = 2),

(C.2)

because the double sum at the right hand side of equation (C.1) gets transformed in the opposite
direction. Subtracting both equations from each other, it follows that

P(Xsa = 1, Y sb = 1)P(Xsa > 1, Y sb = 2)− P(Xsa = 1, Y sb = 2)P(Xsa > 1, Y sb = 1)

= P(Xsa = 1, Y sb = 2)P(Xsa > 1, Y sb = 1)− P(Xsa = 1, Y sb = 1)P(Xsa > 1, Y sb = 2),

which is equivalent to

P(Xsa = 1, Y sb = 2)P(Xsa > 1, Y sb = 1) = P(Xsa = 1, Y sb = 1)P(Xsa > 1, Y sb = 2).

This in turn implies independence of the events {Xsa = 1} and {Y sb = 2} and their correspond-
ing complements. Since sa was arbitrary, we could start with any other permutation and arrive at
the result that any 1{ω′

1}, ...,1{ω′
a} is independent of Y . As a result, we get P(A∩B) = P(A)P(B)

for any A ∈ P(Ω′) and B ∈ P(Ω′′), which is equivalent to independence between X and Y .
For the general case, we can apply the previous reasoning b times and arrive at the conclusion

that

P(X = ω′i, Y = ω′′j ) = P(X = ω′i)P(Y = ω′′j ) ∀(i, j) ∈ {1, ..., a} × {1, ..., b}

This is enough for independence between X and Y .

Proof of Lemma 5.4. The set of all bijective Borel-measurable functions has infinite cardinality.
Since any two functions f and f ′ who order the values of X in the same way also lead to the
same coefficient value, we only have to consider either f or f ′ and not both. Therefore, a
function class with one representative for each numbering suffices for the maximization problem
to remain unchanged. Then, we maximize over a set of finite cardinality and the supremum can
be replaced by a maximum.
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1 2 3

A 0.3 0.12 0.08 0.5
B 0.12 0.11 0.07 0.3
C 0.08 0.07 0.05 0.2

0.5 0.3 0.2 1

Table C.2: Fictitious counterexample supporting the proof for Lemma A.1.

Proof of Lemma A.1. We start with statement 1. Under independence it holds that

a∑
i=1

pim +

b∑
j=1

pmj − p·m − pm· = p·m

a∑
i=1

pi· + pm·

b∑
j=1

p·j − p·m − pm· = 0.

As a counterexample that λ = 0 does not imply independence, consider Table C.2. It holds
that

a∑
i=1

pim +
b∑

j=1

pmj − p·m − pm· = 2(0.3 + 0.12 + 0.08− 0.5) = 0,

but the involved random variables are clearly not independent.
For the second statement, note that τ can be rewritten as

τ(X,Y ) =
τy(1−

∑b
j=1 p

2
·j) + τx(1−

∑a
i=1 p

2
i·)

2−
∑b

j=1 p
2
·j −

∑a
i=1 p

2
i·

.

Therefore, τ = 0 is equivalent to τy = 0 and τx = 0. We reformulate the numerator in τy as

a∑
i=1

b∑
j=1

p2ij
pi·

−
b∑

j=1

p2·j =

a∑
i=1

b∑
j=1

p2ij
pi·

−
a∑

i=1

b∑
j=1

pi·p
2
·j

=

a∑
i=1

b∑
j=1

p2ij
pi·

− 2pi·p
2
·j + pi·p

2
·j

=

a∑
i=1

b∑
j=1

p2ij
pi·

− 2pijp·j + pi·p
2
·j

=

a∑
i=1

b∑
j=1

(pij − pi·p·j)
2

pi·
.

Note that the third equality did not use the independence between X and Y since it holds that

a∑
i=1

b∑
j=1

pi·p
2
·j =

b∑
j=1

p2·j

a∑
i=1

pi· =
b∑

j=1

p2·j =
b∑

j=1

p2·j

a∑
i=1

pij
p·j

=
a∑

i=1

b∑
j=1

pijp·j

without such an assumption. The same reformulation can be conducted for τx and the result
follows.

Statement 3 follows by the following reasoning: We have

λ(X,Y ) = 1 ⇔
a∑

i=1

pim +

b∑
j=1

pmj = 2
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and the latter equality is equivalent to the condition in the statement. Similarly, it holds that

τ(X,Y ) = 1 ⇔
a∑

i=1

b∑
j=1

p2ij/pi· +

a∑
i=1

b∑
j=1

p2ij/p·j = 2.

Since pij/pi· ≤ 1, the inequality
∑a

i=1

∑b
j=1 p

2
ij/pi· ≤

∑a
i=1

∑b
j=1 pij = 1 holds where equality

holds if and only if pij = pi· ∀ i = 1, ..., a and j = 1, ..., b for which pij ̸= 0. A similar argument
holds for the second summand and the statement follows.

Proof of Lemma A.2. The lemma follows by invoking Lemma 4.1 and Lemma A.1.

Proof of Lemma A.3. For both statements, see equations (14.4.11)-(14.4.16) and (14.4.19) in
Press et al. (1992).

Proof of Lemma A.4. The proof is immediate by Lemma A.2 and Lemma A.3.

C.2 Proofs for the Results of Section 6

Proof of Proposition 6.2. We only prove the proposition for the case of two nominal random
variables. The proof for case 1 is analogous. With probability 1, there exists a sample size
N ∈ N for which every element of Ω′ and Ω′′ occurs in the sample. Hence, for n ≥ N we
have k = a and l = b in the notation of Definition 6.1. Since γ̂n is a consistent estimator for γ
(Pohle et al., 2024), γ̂n(X

sa , Y sb) is a consistent estimator for γ(Xsa , Y sb) for fixed permutations
sa ∈ Sa and sb ∈ Sb. If we write all coefficient values and estimates over which subsequently the
maximum is taken in vectors, it holds that

...
γ̂n(X

sa , Y sb)
...

 p→


...

γ(Xsa , Y sb)
...

 (C.3)

because consistency of a vector is equivalent to element-wise consistency (Lehmann, 1999).
The maximum function is continuous and thus, the continuous mapping theorem delivers the
claim.

Proof of Proposition 6.3. Assume w.l.o.g. that we are in case 2. We use the multivariate CLT
for U-statistics given in the appendix of Pohle et al. (2024). Our underlying random vector
consists of all variables Xsa and Y sb with sa ∈ Sa and sb ∈ Sb and is thus of dimension a! + b!.
We denote τ(Xsa , Y sb) = P((Xsa − X̃sa)(Y sb − Ỹ sb) > 0)−P((Xsa − X̃sa)(Y sb − Ỹ sb) < 0) =: τ
and ν(Xsa , Y sb) = P((Xsa−X̃sa)(Y sb−Ỹ sb) = 0) =: ν, where (X̃sa , Ỹ sb) is an independent copy
of (Xsa , Y sb). The vector of U-statistics thus consists of a! · b! pairs (τ̂n, ν̂n) and is thus of length
2 · a! · b!. In order to be able to distinguish those pairs from each other, we choose an arbitrary
numbering of all elements of Sa × Sb and write (. . . τ̂n(i) ν̂n(i) . . .)⊤, where 1 ≤ i ≤ a! · b!. It
follows that

√
n




...
τ̂n(i)
ν̂n(i)
...

−


...

τ(i)
ν(i)
...


 d→ N2·a!·b!(0,Σ

2
U ) with Σ2

U = (4σv(i)w(j))1≤i,j≤a!·b!,

where

σv(i)w(j) = E[k
(v(i))
1 (Xsa(i), Y sb(i))k

(w(j))
1 (Xsa(j), Y sb(j))], v, w ∈ {τ, ν}

30



and

k
(τ(i))
1 (x, y) = 4GXsa(i),Y sb(i)(x, y)− 2(GXsa(i)(x) +GY sb(i)(y)) + 1− τ(i),

k
(ν(i))
1 (x, y) = P(Xsa(i) = x) + P(Y sb(i) = y)− P(Xsa(i) = x, Y sb(i) = y)− ν(i).

We now want to apply the Delta Method (Van der Vaart, 2000, Theorem 3.1) to obtain our

result. For any fixed numbering i, it holds that γ(i) := γ(Xsa(i), Y sb(i)) = f(τ(i), ν(i)) = τ(i)
1−ν(i) .

Also, we obtain the derivatives

dγ(i)

dτ(i)
=

1

1− ν(i)
,

dγ(i)

dν(i)
=

τ(i)

(1− ν(i))2
,

dγ(i)

dτ(j)
= 0 and

dγ(i)

dν(j)
= 0

for j ̸= i. If we collect those derivatives in a matrix of dimension a! · b!× 2 · a! · b!, we obtain

A2 :=


1

1−ν(1)
τ(1)

(1−ν(1))2 0 0 0 0 . . . 0

0 0 1
1−ν(2)

τ(2)
(1−ν(2))2 0 0 . . . 0

...
...

...
...

. . .
. . .

...
...

0 0 0 0 0 . . . 1
1−ν(a!·b!)

τ(a!·b!)
(1−ν(a!·b!))2


The statement in the proposition follows with Σ2 = AΣ2

UA
⊤ which holds because of the Delta

Method.

Proof of Proposition 6.4. We start with the first statement. There exists some N ∈ N for which
it holds that for n ≥ N , γ̂∗n will always choose the population numbering sa(∗) (sb(∗)). Therefore,√
n (γ̂∗n − γ∗) is asymptotically equivalent to

√
n (γ̂n(∗)− γ(∗)) and the statement follows.

For the second statement, note that γ̂∗n will also asymptotically oscillate between the d
population numberings. However, we almost surely find a N ∈ N such that for any sample size
n ≥ N , γ̂∗n always chooses one of the d population numberings. The statement follows by the
continuous mapping theorem because the maximum function is continuous.

Proof of Lemma 6.6. Follows directly from Assumption 1, Glivenko-Cantelli’s Theorem and the
proof that σ̂2

γ is consistent for σ2
γ in the case of real-valued random variables (Pohle et al.,

2024).

Proof of Lemma 6.7. If bj = 0 ∀j ∈ {2, ..., a}, then Y = b1 + U a.s. and the independence
follows by assumption. For the other direction, assume by contraposition that bj ̸= 0 for some
j ∈ {2, ..., a}. Then, there exists some A ∈ B(R) for which P(Y ∈ A|X = ω′j) ̸= P(Y ∈ A)
holds.

Proof of Lemma 6.8. By the Propositions 5.2 and 5.3, any population numbering will deliver
γ = 0. Therefore, we have to include every one-dimensional marginal distribution computed in
Proposition 6.3 in our limiting distribution.

D Additional Graphs
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Figure 5: This figure shows PC (upper left plot), τ (upper right plot), λ (lower left plot) and U
(lower right plot) for the dependence between the variables country and religion. Each colored
dot represents the value of the respective coefficient if the variable country is restricted to the
three countries featuring in the border triangle at which the dot is located. The variable religion
is always restriced to the three monotheistic world religions Christianity, Islam and Judaism.
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