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Abstract

In this article we redefine various poverty measures in literature in terms of quan-
tile functions instead of distribution functions in the prevailing approach. This
enables provision for alternative methodology for poverty measurement and anal-
ysis along with some new results that are difficult to obtain in the existing frame-
work. Several flexible quantile function models that can enrich the existing ones
are proposed and their utility is demonstrated for real data.
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1. Introduction

Poverty, interpreted as a state or condition in which an individual or commu-
nity lacks resources and other essentials for a minimum standard of living, is a
widely discussed subject in socio-economic literature. As a matter of concern for
alleviation of poverty through various welfare programmes, there is need to iden-
tify the poor and to understand the intensity of poverty. Towards this objective,
several measures of poverty such as head count ratio, poverty (income) gap ratio,
Gini index for the poor, etc., and their combinations in the form of various indices
like the Sen index and the FGT index satisfying certain axioms of behaviour have
been proposed in the last few decades. An essential feature of all these indices of
poverty is that they are based on the income distribution of the population, de-
spite the recent view that poverty is related to social welfare which includes other
facts than income inequality. See Yang (2017) for a discussion on the relationship
between poverty and income inequality.

The definition of poverty measures based on income distribution, uses the
distribution function of incomes in specifying them. Although probability distri-
butions can also be specified by quantile functions, as an alternative equivalent of
distribution functions, the prospect of looking at poverty measures using quantile
functions is a rarely visited area in econometrics. The present work is an attempt
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to redefine the various poverty concepts in the framework of quantile functions
and to highlight the additional advantages arising therefrom. In the first place
it gives a better insight into the properties of poverty indices by obtaining new
results that are difficult to achieve by employing the distribution functions. Many
quantile functions do not have tractable distribution functions that limits their
practical utility in the existing distribution function based framework. The fact
that they are flexible to contain some of the existing income models as special
cases and approximates many others satisfactorily, points out the need to accom-
modate them also as candidate models in practical problems. In addition to these,
generally quantile functions possess properties specific to modelling problems, that
are not satisfied by distribution functions. We refer to Gilchrist (2000) for details.

Besides providing the quantile-based definitions of the poverty (income) gap
ratio, mean function, Gini index of the poor, Sen and Sen-Shorrocks indices, we
show that the first four determines the income law and conditions under which they
can be chosen. The relationship between Lorenz curve and the poverty measures
are also found. Some highly flexible quantile function that represent the gener-
alized lambda, Wakeby, Kappa and Govindarajulu distributions are proposed as
prospective income models and their poverty measures are presented. the utility
of our results are demonstrated for income data pertaining to the California state.

The paper is organized into five sections. After the present introductory sec-
tion, in Sections 2 and 3 we discuss the additive separable measures and rank-based
measures of poverty. In Section 4 we propose some flexible quantile functions as in-
come models. Finally, the applications of our results in analysing data on incomes
of the California state are presented in Section 5.

2. Additively separable measures

In this section we present the definitions and properties of a class of poverty
measures that are additively separate, using quantile functions. They serve as a
set of alternative methodologies to analyse the poverty in a population. In our
knowledge, the properties mentioned in the Theorems have not appeared previ-
ously in literature.

Let X be a continuous non-negative random variable representing the income
in a population with distribution function F(z) = P(X < x), probability density
function f(z) and quantile function

Q(u) =inflx | F(z) >u], 0<u<l
When F(z) is continuous and strictly increasing, F'(Q(u)) = u, so that on differ-

entiation
F(Qw) = [q(w)] ™

49() s the quantile density function and F(z) = u if and only if

where q(u) = =5

r = Q(u).




We assume that x = ¢ is the poverty line so that all individuals with income
below t are considered poor and that there exist a function representing the poverty
of the individual. A general approach (Atkinson (1987), Hagenaars (1987)) to the
definition of a poverty measure is to propose an additively separable aggregate
poverty metric

AF(t):/O a(x,t)dF (x) (2.1)

with a(z,t) interpreted as a deprivation suffered with income z satisfying a(z,t) =
0 for x > t. Many poverty measures discussed in literature like those of Watts
(1969), Thon (1979), Clark et al. (1981), etc., belong to this class. When expressed
in terms of quantile functions (2.1) has the form

Ag(u) = / " a(Q). Q(u))dp. (2.2)

An important class of measures suggested by Foster et al. (1984) reads

Ap(t,a) = /0 t (1 - %)a dF (z) (2.3)

or equivalently

‘ Q) \*
Ag(@). ) = Agfua) = [ (1= 28 ap (2.4
¢ N 0 Q(u)
When o = 0, (2.3) reduces to F(t) which is the head count ratio giving the
proportion of poor in the population. Another important special case, discussed
in many contexts is obtained when o = 1,

1 u
o) /0 Q(p)dp (2.5)

called the poverty gap ratio (PGR). Note that u is the head-count ratio and PGR
is interpreted as the shortfall of the income of the poor from the poverty line
and indicates the poverty line and the average income of the poor. Some new
properties of PGR and their implications to poverty analysis are presented below.

Ag(u,1) = Ay (u) = u —

Theorem 2.1. The income distribution is uniquely determined by A(u) through
the formula
exp [— [y (p—Ai(p)™ dp]

Q(u) = " A () : (2.6)

The proof of the theorems are given in the appendix. Some implications of
Theorem 2.1 are the following.

Theorem 2.1 says that if the functional form of A;(u) is known or obtained by
considering the empirical form of A;(u), then the income distribution can be



found directly from (2.6) (see Section 5). The expression of A;(u) for several
quantile functions are exhibited in Table 1 for easy reference to the corresponding
distribution.

A large number of distributions prescribed in literature as models of income,
were not based on a clear rationale, but simply justified by the fact they provided
satisfactory goodness of fit. In modelling, it is a widely accepted fact that some
distinct features of data must form the basis of selecting the model. Characteriza-
tion theorems have a great role in finalising the appropriate model. Taking these
into consideration by fixing appropriate PGR for the data we have a criterion to
choose the model as well as to give sufficient representation for empirical features
observed in the data. As in the case of parametric Lorenz curves one can fix suit-
able parametric PGR for the data. Since any function of ¢ cannot be a PGR, we
fix the conditions for an arbitrary function A; : R — [0, 1] to be a PGR.

Theorem 2.2. A function Ay : R — [0, 1] will be the poverty gap ratio relating to
a distribution F(x), if and only if it satisfies the following properties

(a) limy o LA (t) = 1;limy_yo 2tA;(t) >0
(b) Ai(t) is increasing and differentiable
(c) tAi(t) is convex

(d) Ai(t) = [} 52dF(z), Ai(t) = Ap(t,1)

2

Example 2.1. Let A;(u) = Z, 0<wu<1, p>1. Then from (2.6) by direct
calculation,
_BB-1)
Q<u> - (ﬁ —u)?
Inverting, X has distribution function
BE-1D\? Bt B
Flz)=8—|——+ <<
(@) =5 ( v B ST

The Lorenz curve of this distribution is discussed in Rohde (2009). One can
read from Table 1, the distributions specified by quantile functions that are gen-
erated by special forms of A;(u).

Sometimes, the distribution is represented by its quantile density function g(u)
and Q(u) may not have a simple enough expression to use (2.4). We observe that

so that when t = Q(u),

Ay(u) = / " pa(p)dp. 2.7)



A well known case is the distribution specified by
q(u) = ku®(1 —u)? k >0,

a, 8 real which contains the exponential, Pareto II, re-scaled beta, log logistic,
Govindarajulu distributions as special cases and approximates many continuous
distributions. In this case

B,(a+2,6+1)
Buy(a+1,8+1)

Aj(u) = a, B> —2.

where B, (o, 8) = [ p* (1 — p)’~ldp,a, 3 > 0, is the incomplete beta function.
An alternative inversion formula for Q(u) is

Ou) = exp [— / 1 ]%dp] | (2.8)

Example 2.2. Assume X to follow power distribution F(z) = (E)B,O <zr<l1
or Q(u) = au'/8. Then for this distribution

u
g+1

Aq(u) =

proportional to the head count ratio.

A third special case of (2.3) is

T

Ag(t) = Ap(t,2) = /O t (1- ;)2 dF (z) (2.9)

which measures depth of poverty while Ag(, 1) indicates its severity. Correspond-
ing to Ap(t,2), we have

Ao() = Ag(u,2) = /u( _ %)de. (2.10)
0 Q(u)
Theorem 2.3. The function As(t) can be determined from A (t) as

Ag(t) = 3/: vAy (z)de. (2.11)

t2

Example 2.3. For the power distribution Q(u) = au'/?,

B “ _i ? B 2u
st = | (1 m) = BTGy

Also observe that




Remark 2.1. We see that As(u) and A;(u) are proportional. From (2.11) it is not
difficult to show that Ay(u) = C'A;(u), when C' is a constant only X has power
distribution. These two measures rank in the same way all power distributions
that have the same values for § as observed by one of the referees. This is an
interesting result, because if such a property is observed in the data, we can come
to the conclusion that the income distribution is power. In that sense the property
Ay(u) = CAi(u) gives a method to identify if the distribution is power.

A somewhat similar poverty index was proposed by Clark et al. (1981) as

Co(t, B) = %/Ot {1 - (%ﬂ dF(z), 3 < 1. (2.12)

For 8 = 0, it reduces to the Watt’s measure to be discussed below and for
f = 1, it is the poverty gap ratio. The index (2.12) is the Chakravarty (1983)
metric when 5> 0. We have the quantile equivalent of (2.12) as Cs(u, ) =

B
u Q
%fo [1 — (—Q((Zg) } dp. When = 2,

Cou) = Co(u, 2) = %/0 (1 _ (ggi;)j du.

Theorem 2.4. The function Cy(u) is determined form Ci(u) = A (u)

When £ tends to zero we have the Watt’s measure (Watts, 1969)

Co(t,0) = Wg(t) = /Ot(logz —logz)dF(x)

or equivalently

Wo(u) = / llog Q) — log Q(p))dp

—uloQ(w) - [ los Q) (2.13)

Like other measures Wy (u) also determines the income distribution by the inver-

sion formula Ly
Q(u) = exp {—/ p(p) dp] : (2.14)

An example of income model with interesting properties is the power distribution.

Theorem 2.5. The Watt’s measure Wo(u) =

distribution Q(u) = aus.

%, if and only if X has power

Note that in this case W (¢) is proportional to the head count ratio.
Since poverty is to a large extent influenced by the inequalities of income in the
population, it is natural that measures of inequality are linked to poverty indices.

A major tool in the evaluation of income inequality in the Lorenz curve (LC)
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Liu) = % / " Qp)dp (2.15)

where = FE(X) is assumed to be finite. It follows that L(u) determines ¢(u) up
bo a scale transformation, since

Q) = u =Y
From (2.15) and (2.5)
Ai(u) =u— éiﬁg

Finally, the Gini index is

G:1—2/01L(p)dp
=1- 2/01 (exp— /ul(p — A(p))‘ldp> du,

in terms of PGR.

Generally, the LC is estimated by interpolation or directly from the distribution
function of X or through parametric forms. A large number of parametric forms of
LC have been proposed in literature. Some important forms, their PGR’s and their
quantile functions are exhibited in Table 1 for easy reference. As a weakness of
parametric LC’s it is pointed out that they provide distribution functions that are
difficult to manipulate algebraically to extract distributional properties. However
a glance at the above table shows that the quantile functions have quite simple
forms that admit analytic treatment.

3. Rank-based poverty measures

In continuation of the previous section, here we address a second category of
poverty measures from the perspective of quantile functions. The motivation in
doing so is the same as that of Section 2, to provide alternative methodology and
new results that cannot be obtained by the existing conventional methods.

A second category of poverty metrics called rank-based measures that use a

poor person’s rank within the poor or whole population as an indicator of relative
deprivation have the structural form

P(F,t) = /th(F,a:'; 2)dF(x). (3.1)

Before discussing them, we need some basic concepts that are constituents of
(3.1). The first measure is the income gap ratio (IGR) for the poor defined as

7



Lorenz curve PGR Q(u)

uexp[—d(1 — u)] f_f(;su p(ud 4+ 1)e (1 — u)
Kakwani and Podder (1973)
: z TR TR—
Kakwani (1980)
u__ —ku ek:u
eekk—11 u—g(l—e™) .
Chotikapanich (1993)
(1-6)%u 40u? p(1-6%)?
(14+60)2—4u (1+0)2 ((1+460)2—46u)?
Aggarwal (1984)
u2 O u—
w1 T > 1 1+ull§gTT pll + plog T T 1
Gupta (1984)
u2 —Uu —
ul =(1=w)’],0< 0 <1 metamy #1+ =)’ (0 + Du—1)]
Ortega et al. (1991)
u(B-1) u? uB(B-1)
= P> 1 5 E=nE

Rohde (2009)

Table 1: Functions associated with parametric Lorenz curves

(Sen (1986))

B fg xdF(x)
I(F(t)=1- 0N

or equivalently,

towy =1~ L ZIY [y 32

It gives the average shortfall of incomes among the poor community. We also need
the average income of the poor (Nair et al., 2008)

e (t) = %/g 2dF(z) = B(X|X < #)

and its quantile form

o) = 3 [ @ip = [ et 33
and the Gini index of the poor
g2 tx _ F(2)\ fl=) N
ot =1- 5 [+ (1- 7)) 7
or 9 ”
Go(u) =1— m/ﬂ (v —p) Q(p)dp
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= %Q(u) /OUPQ(P)dP - 1L (3.4)

Some of the properties of the functions I, pg and G discussed in Nair et al.
(2008) and Nair and Vineshkumar (2022) that are needed in the sequel are the
following

(a) the function D(u) determines the income distribution as

Qu) = % exp {— /u1 D(p)dp]

D(u) = u(l - I(uw)).

For the power distribution Q(u) = au%, Io(u) = (14 B)7!, a constant.

where

(b) Gg(u) is independent of the poverty quantile w if and only if X has power
distribution, where Gg(u) = (1 +23)~!

(c) The above measures satisfy the identity with Lorenz curve
(i) L) = pupig(u)
(i) L(u) = 5~ D(w)Q(u), Io(u) = 1 — LE
(iii) Go(u) = — u) Jo L(p)dp and L(u) = ﬁexp[ fo = GQ(p))}

It is often difficult to find the distribution function F(t) from Gp(t). An
advantage of the quantile approach initiated here is that the distribution Q(u)
can be expressed in terms of Gg(u).

Theorem 3.1. The income distribution specified by Q(u) is given by

Q) = Blwexp |- [ B (35
1+Gq(p)+pGg (p)
p(Go(p)-1)

Corollary 3.1. All the basic functions associated with poverty can be expressed
in terms of the PGR, A;(u).

where B(u) =

(i) the IGR, I(u) = 21
(i1) mean income of the poor, jg(u) = %ﬂu)@(u)
(iii) Lorenz curve L(u) = p~'u (u — Ay(u))

(iv) Gini indez of the same

o fou pD(p) exp[— fpl D(r)dr] dp
GQ (U) - fou D(p) exp[f fpl D(r)dr]dp ’



The basic rank-based poverty measure proposed by Sen (1976) is
Sp(t) = H(t) [Ip(t) + (1 = Ir(t)) Gr(1)]
where H(t) = F(t) is the head count ratio. We can rewrite it as
Sq(u) = Sp(Q(w) = ullg(u) + (1 = Ig(u)) Go(u)]. (3.6)

Since the basic formula (3.6) needs calculation of several constituents, it is useful
to have a single expression for Sg(u) in terms of Q(u). Substituting for I,

15 ( ) {1 B fo p)dp fo

GQ(U)]

uQ(u) UQ( )
giving . ;
= Solu) = 2 1 Go(u)
L Qdp | 1
=220 [1 uug‘)/o pQ(p)dp]
o Jo Qp)dp [1  Jo QU dp]
Q(u) u [, Q(p)d
Thus

(u— So(u) /Q )dp — /OUPQ(p)dp

leading to the formula

2[5 QWp)dp | 2 [y pQ(p)dp

So(u) = + 3.7
o) Q) Q) 0
Conversely,
d u
o= S50)Qw) =2 [ Qs
u 0
giving a second order differential equation with variable coefficients
d*y dy
u(u—SQ)d 7+ (20— Sg —udp) = =2y =0 (3.8)
with y = y(u fo p)dp. It seems that a general expression for Q(u) in

terms of Sg(u )1s dlfﬁcult to find. However it is useful in the case of some specific
distributions. For example when S(u) = Ku, where K is a positive constant (3.8)
gives Q(u) = au'/?, the power distribution. There are two solutions of (3.8) of
which one is the power distribution and the other is a term that cannot be a
quantile function so that S(u) = Ku characterizes the power distribution. Some
distributions and their expressions for S(u) are given below

(i) power distribution, Q(u) = au'/? : S(u) = wz;,;a(—;;mu
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1

(ili) Pareto I Qu)=oc(l—u)"a; Flx)=1-(2)",2>0>0

202
(1= a)(1—2a)

2
1w+

zdu—uf—a—uﬁ

1l -«

(iv) Govindarajuln: Q(u) = o [(81) v’B, — Bu’T].

2u +%f( B+2)(B+3) —B(B+2)u
(6+2)(6+3) = (B+1—pbu)

2b 1 1 1 1
=u-— By - 1--)--B 28+ -,1—=
Sw) = a@<u>[<z> (“’ a) m(“ )
)
o T T e

Figure 1: S(u) of power, Pareto, Govindarajulu and Dagum distribution with different parameter
values.

In Figure 1 the graphs of the index for the power distribution, Pareto I, Govindara-
julu and Dagum distributions are shown. Based on the graph and other analysis,
we see that

(i) The index of the power distribution is proportional to the head count ratio
and it is the only distribution possessing this property
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(ii) S(u) can be increasing (power), decreasing (Pareto I) or initially decreasing
and then increasing (Dagum) in u (head count ratio). Since u = F\(t) is
increasing (decreasing) means ¢ is also increasing (decreasing) and vice-versa
the monotonicity of Sg(u) and Sp(t) are the same.

(iii) When an income model is chosen arbitrarily from a list of candidates to study
poverty using Sg(u), it should be compatible with the monotonic nature of
the Sen index.

While Sen index expressed in the general form (3.1) has ¢(F, z; z) =2 [1 - F(x)} (1-

r(2)
where r, is the proportion below the poverty line, other prominent indices pro-

posed in literature are

(a) Takayama (1979) with ¢(F,x;z) = 2(1 — F(x)) <1 — f—F) where pp =11, +

(1 —r,)z and p, is the mean income of the poor.
(b) Kakwani (1980): ¢(F,2;2) = (k+1) (1 — F(z)/r.)" (1—%) and
(¢) Thon (1983): q(F,z;2) = 25 [c— 2F(2)] (1 = £),c¢>2

(d) Foster et al. (1984): F(s) = H (I*(t) + (1 — I)*C2(t)] where H is the head
count ratio and C,, is the coefficient of variation among the poor. These can
also be treated similar to S(u).

Shorrocks (1995) provided a modification of the Sen index which satisfies the
properties of symmetry, replication invariance, monotonic and homogeneous of
degree zero in incomes and poverty line. See Hagenaars (2017), Xu (2020) and
Chakravarty (2019) for details. The Shorrocks-Sen index, as it is called, takes the
form

SSp(x) = p(x)[1 + G(x)]

where p is the mean and G is the Gini index of X = % and Y is the income. In
terms of F'(t), Ip(t) and Gp(t) we have,

SSp(t) = (2= F()F()Ip(t) + F*(t) (1 — Ip(t) Gr(1).

It is easy to see that the quantile version is

SSo(u) = (2 — w)ulg(u) +u? (1 — Ig(u)) Go(u). (3.9)
The form gives properties different from the Sen poverty index, for example, In
the power distribution, SSg(u) is not proportional to the head count ratio, but
2445 — 1
S5(u) = M2 48— B+ 1u)
B+D(26+1)

is a quadratic function. The derivative of SS(u) is

dSS  (2+4p8) —2u(B+1)
= B )25+1) > (0 for all u.

12
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In the interval [0, 1], 5S(u) is always an increasing function of w.

A third approach to poverty measure by Hagenaars (1987) visualizes it in the
tradition of Dalton with the aid of utility functions with the general definition

Pr(t) = A(t) / U (1) — U(x)]dF (x)

where U(.) is the individual’s utility function and A(#) is a normalization factor.
This is equivalent to

Po(u) = Pe(Q(u)) = Ap(u) / *lo(w) — g(p)) dp

where Ay(u) = A(Q(u)) and g(p) = U(Q(p)). This class has some common
measures like those of Watts (1969), Chakravarty (1983) and Clark et al. (1981)

disused earlier as particular cases.

4. Income modelling by quantile functions

The statistical regularities observed in income date have prompted researchers
even from the early days to promote parametric models to represent them. In
many cases the data generating mechanism was satisfactorily approximated by
distribution functions and the summary measures derived from them were quite
useful in indicating income characteristics. These summary measures were often
moments, in poverty measures which are partial moments, or dispersion measures
like Gini index or mean difference and transformations like Lorenz or Bonferroni
curves. However, the absence of any concrete rationale for the choice of a specific
model resulted in prescribing a large number of distributions as income models
for data separated by time and space. A few important distributions specified
by their quantile functions that have potential as income models are given below
along with the expressions of poverty measures pertaining to them.

(i) Kappa distribution introduced by Hosking (1994) has quantile function

Onu) = a+ 2 [1_ (1_5“5>V] (4.1)

~
where « is a location parameter and [ is a scale parameter. Since the ran-
dom variable X has to be non-negative, Q(0) > 0, giving a—l—g (1-=67)>0
along with 5 > 0. The advantage of (4.1) is that it contains as special
cases, the Pareto distribution for 6 = 1, Stoppa for v < 0,6 > 0 and
g = —y(),a = %; Dagum, when v < 0,0 < 0, f = 7(§)? and a = g,
Burr type III (v < 0,6 < 0), Burr Type XII (v > 0,0 < 0), generalized
Pareto (0 = 1), exponential v = 1,5 = 0. It is also obtained as the distribu-
tion of ¢, where Y is the generalized Weibull of Mudholkar and Kollia (1994).
Besides the distribution (4.1) gives good approximation to other unimodal
distributions «,d < 1. Tarsitano et al. (2006) has used (4.1) to analyse the

13



income data related to the net disposable in Italian household budget for the
years 1993, 1995, 1998 and 2000. Various expressions for poverty measures
are

B Py (u;y,9) __au
Y8Q(u) Q(u)

poverty gap ratio, A;(u) =u —
Lorenz curve, L(u) = i [ozu + %Pl(u,% 5)},

mean income, fg, (u) = % [au + %Pl(u, v, 5)},

income gap rato, Ig, (u) = lT‘sm [au + %Pl (u,r, 5)], and the

Gini coefficient of the poor

GQk (u) =

2 [au® B
= . Fp
U2HQ |: 2 + 75 Z(Ua Y, 5>:| )

where,
Pu(u,0) = [(1= P 0)} at
Pa(u.0) = [(1=tp@—0):"
with the integrals evaluated over (%, %)

(ii) Generalized lambda distributions: The form proposed by Ramberg and Schmeiser
(1972) has quantile function

Qr(u) =X + /\2_1 [u’\3 —(1- u)’\“} (4.2)

where Ay > 0 and A\ — /\% > ( for non-negativity. The general properties of
the model and regions of validity together with conditions that approximate
(4.2) to many continuous distribution functions used for income analysis are
given in Karian and Dudewicz (2000). Tarsitano et al. (2004) has employed
this distribution as an income model. For this model, we have

4 1 . u>\3+1
1(U)—U—QR—(U))\1+ 9 ()\3 1+P3(U)>a
L()—l(A + Ps(u)), =AM+ A° Lo 1
u_u 1 s\ =AM 2 /\3+1 )\44‘1 ’

(1) = % (Ot + Py(u)

1
Igp(u) =1— wOnlw) (Aru + P3(u)),

14



(i)

Ag+1 _q )M+l
_ u’3 (1—w)
where Ps(u) = 57 + 57— and

Go,(u) = u? 2 [/\1102 utst? u(l—u)Mtt (1 —u)Mt — 1}
R

+ +
,uQ(u) 2 )\2 ()\3 + 2) >\2 ()\4 + 1) )\2 ()\4 + 2)

An alternative version proposed by Freimer et al. (1988) is

N1 (1—u)M—1
S el _
QF 1+ 2 ( )\3 )\4 >

where A\; — ﬁ > (0. Haridas et al. (2008) have discussed the role of this
distribution for modelling income data. It contains the power, Pareto I &
IT distributions and approximates the Weibull, Singh-Maddala, Dagum and
Fisk distributions for different ranges of parameter values. We have

1 1 (1 —u)ret
pop(u) = 7 (— + Py(u) + m) ;

- 11 (1 — w)ren—!
lop(w) =1~ uQ(u) (/\2>\4 A+ AoAa(Ag + 1)) ’

where Py(u) = ﬁ + M+t

w3t + (1—u)rat1—1
A2A3(Ag4+1) A2A4(A3+1)

G () = 2 N 1 N 1 u2+ urst? +u(1—u)’\4+1+
Qr\t) = UQ[LQ ! )\2)\3 )\2)\4 2 )\2)\3 (/\3 + 2) )\4 + 1

and

(1 —u)Mtt —1
(Ad+1) (A + 2)} '

Wakeby distribution: Introduced by Houghton (1978), the quantile function
is given by
Qu(u) =A+0(1 —u)™ — (1 —u)’ (4.3)

which has five parameters of which A specifies location, § and ¢ the scales
and « and S the shapes. For the random variable to be non-negative we
should have A +6 — ¢ > 0 and #,¢ > 0. An important property of the
model is that it can satisfactory represent positively skewed data like the
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log-normal, gamma and beta laws. It contains the Pareto I and Pareto II
distributions as special cases. The poverty measures are

b
Quw (u)
L@%:%%WL

Aj(u) =u— Ps(u),

HQw (U) = %P5<u)>

_ 1 _ B
IQW =1 uQu (u)’
where  Ps(u) = \u+ 6(1_72:?1_1 + Cb(l_qgﬁl_l?oz >1,8> —1and
2 Au? 0 (1—wu) 2 -1
G = 1 —u) ot
alt) 1&@AW[2 *a—l{“ R
1— B8+2 _ 1

Lo Gy
B+1 B+ 2

(iv) Govindarajulu distribution: This distribution is defined by

Q(u) = o ((5+ 1)’ — pul*) 0.5 > 0.

Its properties and application are described in Nair et al. (2013). In this case

BB +2—Pu—u)
A= G pu)
L(u) = %(5 +2— ,Bu)uﬂﬂ,

2 _
pglu) = o222 50 j; - Qﬁu) u’,
B

Ig(u) = m,

and

T B4+2—Fu\B+2 [+3

Other flexible quantile functions that have a similar role to play in income
analysis can be seen in Nair et al. (2013).

Golu) = 2(p+2) (ﬁ+1_ Bu )

Remark 4.1. All the distributions except (i) given above do not have tractable
distribution functions and hence the conventional methods cannot be applied to
them.

Remark 4.2. In the above formulas setting w = 1 in ug(u) gives the mean of the
distribution and similarly w = 1 in Gg(u) leads to the usual Gini index.
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5. Applications to data analysis

In this section we illustrate the role of quantile functions as models of income
and how the poverty measures are computed from them for real data. Often
the income data is given for a sample in the population and therefore standard
inferential procedures are required for the computation of the measures for the
population. This is often accomplished by identifying the income distribution
from the sample data. It serves the twin purposes of determining the law that has
generated the observations and also to obtain estimates of the poverty measures
that is not affected by sampling fluctuations.

The observations pertain to the disposable household income of Austria for
the year 2022, obtained in the survey on income and living conditions carried out
in the survey year 2023 by Statistics Austria. The data is obtained from Luxem-
bourg Income Study (LIS) (2022). The data set consisting of 6122 observations
cover households living in accommodations with atleast one member whose main
residence is in the household at the time of data collection. On record are the
total income available to a household after taxes and social contributions.

The candidate distribution selected to model the data is the power-Pareto
distribution with quantile function

uM

Qu) = Cm,

(5.1)
where C' > 0, and Ay and Ay are real numbers. This distribution was constructed
using the result that the product of two positive quantile functions is again a quan-
tile function, by choosing the product of the quantile functions of the power distri-
bution Qp(u) = C1u™ and the Pareto I quantile function Qx(u) = Cy(1 — u) 2.
See Gilchrist (2000) for details. The power distribution capable of modelling
incomes in the left tail, Pareto for the right tail are members of (5.1), besides pro-
viding close approximations to positively skewed forms of the lognormal, gamma,
Weibull and Dagum distributions. The detailed properties of the distributions are
available in Hankin and Lee (2006) and Nair et al. (2013).

To estimate the parameters of (5.1) we have chosen the method of selected
points by equating the quartiles Q(0.25), Q(0.5), and Q(0.75) with those of the
sample Q1 = 27435, Q2 = 44199, and Q)3 = 66490, resulting in the following
equations

C(0.25)*(0.75) 2 = 27435
C(0.5)*(0.5) 7 = 44199
C(0.75)*(0.25)7*2 = 66490.

Solving these, we got the estimates as

~

C =52134.5, )\ = 0.521999, and )\, = 0.283774.
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Figure 2: Q-Q plot

The adequacy of the power-Pareto distribution as the model to represent the
income was ascertained visually by the Q-Q plot and theoretically by method
using Q-Q plot given in Nair et al. (2024). As seen in Figure 2 the points in the
Q-Q plot lie almost on a straight line (the departure of a very small percentage
of points from the line due to abnormally high incomes, is an inherent feature in
most Q-Q plots) indicates that the fit is satisfactory. To confirm this we apply a
test of goodness of fit from the Q-Q plot, based on the fact that asymptotically the
correlation between the empirical quantiles and the theoretical quantiles is one, if
the distribution from the sample and the hypothesised model are identical. Thus
for moderate sample a high correlation will indicate the adequacy of the fit. Since
the theoretical distribution of the correlation coefficient between the two sets of
quantiles is difficult to find, the sampling distribution is obtained by simulation of
samples of desired size. For our case, critical region is samples whose correlation
coefficient is rg g5 = 0.9322, while the observed value is r = 0.9919. Thus the
hypothesis of power-Pareto distribution for the Austrian household income data
is not rejected. That is the distribution is specified by

Q(u) = 52134.5 w2199 (1 — ) 7028871 < g < 1. (5.2)

There are several advantages the quantile models have in comparison with
distribution functions in the traditional approach. Firstly they are flexible as
most of them have parameters that control both the left and right tails and hence
can fit different types of data structures. When F(x) is continuous and strictly
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increasing F'(z) = u implies = Q(u) and conversely. Hence the percentile values

can be compared easily by taking v = 55,1 = 1,2,---,99, in (5.2). Thus the

incomes at the deciles of the income distributions calculated as
xl:Q<u’L>7 i:1727"'79
are exhibited in Table 2. On the other hand if specific head count ratios are re-

Table 2: Incomes at the deciles of the income distribution

F(x) 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90
T 16147.71 23975.30 30770.90 37355.61 44198.99 51789.94 60904.02 73263.52 94844.87

quired at desired incomes, then again put the incomes as Q(u) in (5.2) and solve for
the corresponding u. Moreover if summary measures of the income distributions
are required they are directly obtained from Q(u) as the median Q(0.5) = 44198.99
for location, quartile deviation S = Q(0.75) — Q(0.25) = 39055 for dispersion,
Bowley’s coefficient of skewness < (Q(0.25) + Q(0.75) — 2Q(0.5)) = 0.1415 and
Moore’s measure of kurtosis < (Q(0.875) — Q(0.625) — Q(0.375) + Q(0.125)) =
0.4207 without evaluating several integrals involving the density function when
moments are used in the conventional approach. A further advantage is that the
quantile based measures are more stable being less affected by the extreme obser-

vations due to very few large incomes than the moment based measures.

The estimates of the mean income of the poor is

1 u p)\l
u) = — C——d
pe(u) U/o T @

C
= —B,( M +1,1—X)
u
521345

u

B, (1.521999, 0.716226)

Table 3 gives the values of pg(u) for the Austrian incomes at v = 0.05 through
u = 0.95.

The Gini index arising from (3.4) is

2 u
olw) =5 o (W) /0 pQ(p) dp
2C
gl M 2)
1042
= wBu(2.521999, 0.716226) — 1
u?pig(u)

Using the estimates of A\; and Ay and pg(u) from Table 3, we have the values in
Table 4.
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Table 3: Mean income of the poor

u  pg(u)
0.05 7233.77
0.10 10481.99
0.15 13075.85
0.20 15345.33
0.25 17420.12
0.30 19368.40
0.35 21232.33
0.40 23041.25
0.45 24817.66
0.50 26580.47
0.55 28347.07
0.60 30134.89
0.65 31963.08
0.70 33854.47
0.75 35838.80
0.80 37958.40
0.85 40280.57
0.90 42929.66
0.95 46205.75

Another quantity of interest is the Lorenz curve which is obtained as

L(u) = Wi (u)

Y

where 4 is the mean estimated as CB(A + 1,1 — X;), and po(u) is chosen from
Table 3. The graph of the Lorenz curve is shown in Figure 3.

Finally, we have the Sen index from (3.7) as

A C20B,(M+1,1- ) . 20B, (A + 1,1 = \y)

S(u) = u A 3 At 3
uM (1 —u)=> uM (1 — u) =2
B 104269Bu(1.521999, 0.716226) 104269Bu(1.521999, 0.716226)
U u0-521999 (1 — 4,)=0-283774 U519 (1 — 4)—0-283774

The graph of the Sen index is given in Figure 4.

6. Conclusion

We conclude this work by proposing quantile functions as models of income
distribution, defining and establishing properties of poverty measures derived from
them, as alternatives to the traditional ones based on distribution functions. This
has resulted some new models and alternative methodologies for poverty analysis,
which are more robust and sometimes easier.
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Table 4: Gini index

u_ Go(u)
0.05 1.2090
0.10 1.2111
0.15 1.2133
0.20 1.2157
0.25 1.2182
0.30  1.2209
0.35 1.2238
0.40 1.2270
0.45 1.2304
0.50 1.2342
0.55 1.2383
0.60 1.2429
0.65 1.2480
0.70 1.2539
0.75 1.2607
0.80 1.2688
0.85 1.2788
0.90 1.2918
0.95 1.3107
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Appendix A.

Theorem. The income distribution is uniquely determined by A(u) through the
formula

exp |~ f, (p— Ai(p) " dp)

Qu) = — (A1)
Proof. From (2.5),
Q(u) -1

Y =(u—A

MW
or

Ztog [ QUp = (= A
giving
/ Qp dp—exp[ / (p— Ai(p)) tdp| .

Differentiating the last equation we have (A.1). O
Appendix B.

Theorem. A function Ay : R — [0,1] will be the poverty gap ratio relating to a
distribution F(x), if and only if it satisﬁes the following properties

(a) limy o LA (t) = 1;limy_yo LA (t) >

(b) Ay(t) is increasing and differentiable

(c) tAl(t) is conver

(d) Ai(t) = [y 52dF(x), Ai(t) = Ap(t,1).
Proof. Let Al(t) be as in (d). Then

t t
1A (1) = / (t — 2)dP(z) = / F(a)da

0 0

giving
d
F(t) = d_tAl( )
It is not difficult to see that F'(x) satisfies all the conditions of a distribution

function of which A;(¢) is the PGR by definition. Conversely if F'(z) is the dis-

tribution function with PGR; A;(t), then properties (i) to (iv) hold as seen from
the above. O

Remark. The corresponding properties of Ay(u) can be obtained as in Theorem
2.2. We require A;(u) to satisfy the conditions that

Z) Q(u) _ exp[— fu(p_Al(p))ildp]

u— A1 (u)
i) Ai(u) is an increasing function for 0 < u <1 and

ii1) Ai(u) is continuous.
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Appendix C.
Theorem. The function As(t) can be determined from Ay(t) as

As(t) = E/x vAy (z)de. (1)

2 ),
Proof. Since * f F(z)dz = A,(t), we have F(t) = $¢A;(t). Hence
t?AQQ)::jﬁ(t—-xfdﬁxm)
. /0 (t — 2)dF(z)

_ z/ot@ _ ) (%ml(x)) iz
_ z/ot 2A, (2)dz,

from which (C.1) follows. O

Appendix D.
Theorem. The function Cy(u) is determined form Cy(u) = A;(u)
Proof. That Cy(u) = A;(u) is mentioned above. Now,

w8
g | Qi+ i [ Qo

giving
o / Q*(p)dp = As(u / Qp)dp -
ZA( ) +2(u— Ay(u) -
Hence . -
o) = gz | [ @0~ @) dy
u 1 Yo
=35~ 50%(w) /0 Q*(p)dp (D.1)

From (2.12) and (D.1)
o) = Ay (u) — %Am)

Using Theorem 2.3, Ag(u) is determined from A;(u) and A;(u) = Ci(u) and
Theorem 2.4 is proved. O
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Appendix E.

Theorem. The income distribution specified by Q(u) is given by

Qw = B ew [ [ By 1)

1+Gq(p)+pGy (p)

where B(u) = P (Gam 1)

Proof. From (3.4),

Using (3.2),

1_TG<U)/OM Q(p)dp = /OUQ(p)dp— i/oupQ@)dp

which simplifies to

1+TG(U)U/OUQ(p)dp=/upQ(p)dp

0

Differentiating with respect to u, we get after some algebra,

1mmm+¢wnmmw=h@wo+mm+u[fmmw

and Ou)
u
o~ < — B u
rowa
or
Cos ([ Quan) - Bw)
du g ; b)ap | = DU
and . )
[ et =eso |- [ sy (.2
0 u
The proof is completed by noting that (E.1) is the derivative of the last expression
(E.2). m
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