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Abstract. The One Parameter Inequality Process (OPIP) long predates the Saved Wealth Model (SWM) to which it isisomorphic
up to a different choice of stochastic driver of wealth exchange. Both are stochastic interacting particle system intended to model
wealth and income distribution. The OPIP and other versions of the Inequality Process explain many aspects of wealth and income
distribution but have gone undiscussed in econophysics. The OPIP is ajump process with a discrete 0,1 uniform random variate
driving the exchange of wealth between two particles, while the SWM, as an extension of the stochastic version of the ideal gas
model, is driven by a continuous uniform random variate with support at [0.0, 1.0]. The OPIP's stationary distribution isa Lévy
stable distribution attracted to the Pareto pdf near the (hot) upper bound of the OPIP's parameter, w, and attracted to the normal
(Gaussian) pdf toward the (cool) lower bound of w. A gamma pdf model approximating the OPIP’ s stationary distribution is
heuristically derived from the solution of the OPIP. The approximation works for w < .5, better as w -> 0. The gamma pdf model has
parameters in terms of w. The Inequality Process with Distributed Omega (IPDO) is a generalization of the OPIP. In the IPDO each
particle can have a unique value of its parameter, i.e., particlei has w,, The meta-model of the Inequality Process implies that
smaller w is associated with higher skill level among workers. This hypothesisis confirmed in atest of the IPDO. Particle wealth
gain or lossin the OPIP and IPDO is more clearly asymmetric than in the SWM (A#£0). Time-reversal asymmetry follows from
asymmetry of gain and loss. While the IPDO scatters wealth, it also transfers wealth from particles with larger o to those with
smaller w, particles that according to the IPDO’s meta-model are more productive of wealth, nourishing wealth production. The
smaller the harmonic mean of the w,’s inthe IPDO population of particles, the more wealth is concentrated in particles with
smaller w, the less noise and the more w signal thereisin particle wealth, and the deeper the time horizon of the process. The IPDO
wealth concentration mechanism is simpler than Maxwell’ s Demon.

PACS. 89.65.Gh Econophysics  89.65.-s Social and economic systems
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The simplest version of the Inequality Process, the One
Parameter Inequality Process (OPIP) [1-23] has different properties /\ /\
from the Saved Wealth Mode (SWM) of Chakraborti and

Chakrabarti [24], examined and e aborated in[24-30] although the

y—axis is proportion of sample

College Post
two areisomorphic up to their stochastic driversand Lux [1] judges Gro:uote Graduate from 0 1o .5 in bins $10,000 wide.
the two model s to be “essentially equivalent”. The respective meta- /\ x-axis is onnual wage income
model sdiffer. Thechoiceof the stochasticdriver of wealth exchange "/\ from 31 to $30.000-
in each follows from the meta-mode! of each. A meta-model isa set Dollar amounts in terms of 2001

U.S. dollars.

of understandings about empirical referents, variables, hypotheses,
and tests. The present paper shows that the OPIP and a Distribution of U.S. Annual Wage Income
generalization of it, the Inequality Process with Distributed Omega Conditioned on Education in 1986
(IPDO), form a theory of wage income distribution as a byproduct

of wealth maximization while the SWM does not. Before Lux [1], Figurel

the Inequality Process was undiscussed in the econophysics SCUrce: Author's estimates from the March CPS. See
literature. Appendix A.
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2 Comparison of Saved Wealth Model (SWM)tothe - 955"9"’ -
One Parameter Inequality Process (OPIP)

The OPIP and the Saved Wedth Model
(SWM) are both stochastic interacting particle system
models that scatter a positive quantity, ‘wealth’. The

Distribution of U.S. Annual

particles represent people with differing amounts of o /> Wege Income Conditioned

on Education

wealth. The models share assumptions of theideal gas 4% 5L A\ N etotve Frequoncics Averogen o
mode, i.e., an isolated population of particles, random &3 N Dolor omaunts in constont
pairing of particlesfor exchange of a positive quantity, Mot: 1-avs = rotes e
the sum of which after the exchange equals the sum < i o st st
before. The OPIP isajump process with a discrete 0,1 i

uniform random variate driving the exchange of wealth

between particles, while the SWM as an extension of

the ideal gas model [31], uses a continuous uniform
random variate with support at [ 0.0, 1.0] to drive
wealth exchange. The SWM subsumes the ideal gas Figure 2

model as a special case. The difference between the Source: Author’ s estimates from the March CPS. See Appendix A.
continuous uniform random variate with support at

[0.0, 1.0] of the SWM and the discrete 0,1 uniform random variate of the OPIP may appear inconseguential but that
appearanceis mideading. The OPIP s discrete stochastic driver highlightsthe relationship of its parameter to statistics
of income, particularly those of wage income conditioned on education, whereas the continuous random variate of the
SWM obscures that relationship.

The Inequality Process is abstracted from the
Surplus Theory of Social Stratification in economic

'SP Y

$Ys

39
anthropology [3, 32]. The Surplus Theory explains “3 U‘i
why hunter-gatherer society, viewedinanthropology as “f
the most egalitarian societal form, turned into the - <
chiefdom, the society of the god-king, viewed in 2 23
anthropology as the most inegalitarian societal form. >
This driking transformation occurred whenever ~ Germony 1984 Luxembourg 1985 Netherlonds 1987

hunter/gatherer populations acquired a food surplus,
usualy through the acquisition of agriculture. This L. .

transformation occurred in populations far removed ~ ©" Education in Three Nations . .ocninn
from each other in time, place, culture, and race, i.€., otional cducotion Level Cotegories e m——
this transformation is one of the few universals of Gcermony  Academic Secondary Grad Commercial Secondary Grad Vo—Tech Secondary Primary only
social science. The Surplus Theory accounts for this 7 "= S B S
transformation as the result of greed, chance, and

competition. However, whilethe Surplus Theory offers Figure 3

a parsimonious explanation of the transformation, it Source: Author’s estimates from surveys of the Luxembourg Income
fails to explain why inequality in the sense of Study. See[35].

concentration, as measured for example by the Gini

concentration ratio of wealth, decreases at higher techno-cultural stages than the chiefdom, particularly post Industrial
Revolution [33]. Lenski [32] advances an explanation of decreasing inequality with techno-cultural evolution beyond
the chiefdom: more skilled workers are able to keep a larger share of the wealth they produce. The Inequality Process
models Lenski’s speculative extension of the Surplus Theory.

Distribution of Wage Income Conditioned on

The OPIP' s 0,1 discrete uniform stochastic driver of wealth transfer in an encounter between two particles
follows from the underlying verbal theory of a competition in which chance determines whether awin or aloss occurs
but once aloss occursits consequenceis pre-determined. Loserslose afixed proportion of their wealth, o. A winner
gains a random amount of wealth. Winning and losing in the OPIP are asymmetric. Thereisno asymmetry in particle
collisons in the ideal gas model on which the SWM is based. Since the OPIP' s meta-model says that more skilled



workers lose less wealth in competition for wealth, (1-w) represents worker skill level. The meta-model of the OPIP
requiresit to explain the course of the Gini concentration ratio of personal wealth over techno-cultural evolution, and
reguires ageneralization of the OPIP that allows particlesto have unique values of w, i.e., particlei with w;, toreplicate
features of the distribution of wage income conditioned on education seen in figures 1, 2, and 3. Figure 1 shows the
relationship between education and the distribution of wage income conditioned on education in the U.S. in 1985 as
estimated from March 1986 Current Population Survey (CPS) data. See[34] and Appendix A. Figure 2 demonstrates
the stability of thisrelationship over four decadesin the U.S. Figure 3 suggests that the rel ationship between education
and wage income distribution is not unique to the U.S. [35].

Thetransition eguations of the Saved Wealth Modd (SWM) [24] for the exchange of wealth between a pair of
particles in the notation of [27] are:

x; = Ax; v+ el - D, + x)
i (1a,b)
x’, Ax,+ Q- - D, +x)

J

where x’; is particle i’s wealth after an encounter with particle j, x; particle i’s wealth before the encounter and € isa
continuous, uniform i.i.d random variate with support at [0.0,1.0]. A, called “savings’, isthe parameter of the SWM.
A isthe fraction of each particle’ s wealth not available for transfer in an encounter with another particle:

00<A< 10

Particles are randomly selected for pairwise interaction.

Making the substitutions: A — (1 - ) and € ~ d, where:
00<w<10

and:

1 with probability .5 at time t
d = )
0 otherwise

yields the one parameter Inequality Process (OPIP) [7, 13, 16]:

%, = (1= @)xy + dol , + X, ,)
'xt.]'t = (]_ - (A))-x;](t_l) + (1 - dt)w<xi(t_1) + x?](t_l)>

(2a,b)

(2a,b) differs from (1a,b). While € is a continuous uniform random variate with support at [0.0,1.0], d is a discrete
uniform random variate taking on thevaluesOor 1, aBernoulli variable. The difference between theintervals on which
A and w are defined follows from the respective choice of stochastic driver. The OPIP's meta-model impliesthat (1-w)
=0, theimageof A = 0ismeaningless. Itsimage, A =0, inthe SWM is, however, well defined, where A = 0 isequivalent
to the stochastic version of the ideal gas model [31]. The assumption of an even number of particles in the OPIP
population and the simultaneity of particle encounters in the OPIP are simplifications that permit an approximate
solution for the wealth of particlei at timet, .
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Figure 4: Scattergram of forward differences of wealth in OPIP against wealth

Sincethe SWM isan extension of theideal gasmodel, the SWM’ s concept of temperature is anal ogous to that
of theideal gasmodel: (1-1) p, wherep ismean wealth. (1-1) p isthe mean of wealth exchanged between all particles
if all particleswere paired for simultaneous encounters. The OPIP’' s image of the SWM’s (1-1) p is wp. However, the
properties of the OPIP are unaffected by p, which the OPIP takes as an exogenous variable. The OPIP is pu-symmetric.
w istheanalogue of temperaturein the OPI P since the properties of wp in the OPIP depend on w. Notethat the anal ogue
of temperature in the OPIP is bounded from above.

In the OPIP, particlei winsif d, = 1 with probability 1/2 and loses otherwise. Thereis no outcome in-between
awin or aloss. The two outcomes are asymmetric in the OPIP, as you can see in figure 4. In the event that particle i
wins, it gainsan w shareof itscompetitor’ swealth. Thegain for particlei isarandom variable whose expectation iswp.
On the other hand, if particlei loses, it loses a fixed share of itswealth, an w share of its wealth, which from the point
of view of particlei is a determinate outcome. The clarity of the asymmetry between winning and losing in the OPIP
does not depend on the magnitude of w. Thisasymmetry of the OPIP would be obscured if d, werereplaced by the SWM
random variate, €. Inthe SWM the asymmetry of winning and losing must be estimated through €’ s noise and so does
depend on the magnitude of A.

Theasymmetry of winning and losing in the OPIP providestimereversal asymmetry for particlewealth. In this
respect the Inequality Process differs from the ideal gas model (the SWM for A = 0). The OPIP also differs from the
SWM for A > 0 to the extent that e obscures the difference between the A and 0. The direction of timein the OPIP is
readily ascertained by a glance at the time-series of an OPIP particle’ swealth. The arrow of time points toward wealth
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amountsthat are a constant fraction of atime-adjacent larger wealth amount. w can be calculated from thistime-series
if w isunknown. The corresponding determination in the SWM can only be made statistically, i.e., with information
on a sample of particle wealth time-series, and with increasing difficulty as A becomes small.

The generalization of the OPIP in which particles may have distinct values of w, each particlei with an w;, is
called the Inequality Process with Distributed Omega (IPDO). In the IPDO, w; can be calculated from the time-series
of wealth amountsheld by particlei. The direction of time can be ascertained from thistime-seriesaswell, if unknown.
Angle[13, 16] hasshown that w; can be estimated despite timewise aggregati on of observationson particlei’ stime-series
of wealth amounts.

3 The Stationary Distribution of the OPIP is Not a Gamma PDF?

The gamma pdf can be obtained by maximizing the entropy of the distribution of wealth of the particlesin the
population of a particle system subject to certain equality constraints. It is shown in this section of the paper that the
reguired equality constraints cannot be derived from the OPIP. The OPIP scatters wealth since the absol ute value of the
expected difference of wealth between two particles after an encounter is less than before. The difference between
particles x;, and x;, in the OPIP is from (2a,b):

bor = %) = ey ~ G

2d,wxy, (©)

+

2(1-d) 0 x,,.,

Assuming that X, and X;..,, are known, since given longitudinal survey data on income and wealth, data on these
variables may exist, and given that E[d,] = %23

E[xit - x]t] = (l_m)(aci(t-l) - xJ'(t'l))
: : : : _ %4)
The expected value of the difference in wealth between two particles after their encounter has the same sign as the
difference before the encounter diminished in absolute value by an w proportion.

Thedistribution of x, wealth, in the OPIP can be approximated by a gamma probability density function (pdf),

but the distribution is not gamma.* The gamma pdf is defined by:
A" e-1,-Ax
X) = —x" ‘e
Sx) T

©)

where:

2 Based on Angle[5].

3 ) ’ ’
‘E[d]’ isused to express the mathematical expectation of d,.

4Dagum (1977) [36] citesMarch (1898) [37] as the first published instance of the gamma pdf being used to model a wage distribution. Such
applications of the gamma pdf since have been desultory, most appearing in the 1970's, e.g., Peterson and von Foerster (1971) [38], Salem and M ount
(1974) [39], Shorrocks (1975) [40], and Boisvert (1977) [41]. McDonald and Jensen (1979) [42], assuming the relevance of a two parameter gamma
pdf model to empirical income distribution, derive expressions for the statistics of inequality of a gamma pdf in terms of its parameters. Cowell (1977)
[43] mentions the gamma pdf as a model of income distribution, if not the best known. Kleiber and Kotz [23] discuss the gamma pdf and related pdf’'s
as a parametric model for income distribution, but still following, asin Cowell’ s discussion, the Pareto and lognormal pdfs, which have figured more
prominently in econometric practice.
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the shape parameter
the scale parameter

Figure 5 shows the effect of o on the shape of the function for A fixed at 1.0. The use of the Greek | etter, A, to
denote the gamma’ s scal e parameter is conventional and not related to the use of the letter in the SWM. A comparison
of figures 1, 2, and 3 with 5 suggests a relationship between the education level of aworker and the shape parameter,
the «, of a gamma pdf fitted to wage income conditioned on education.
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is defined here in terms of relative frequency bins for the

distribution of wealth in the OPIP. The argument of the entropy
dtatistic is the relative frequency p; of the wealth amount, x;,
wherex; isthe mean of wealth in thei™ relative frequency bin of
fixed width. Given afinite population of particlesof size N, the
first constraint on the maximization of the entropy statistic to
obtain a gamma pdf of the stationary distribution of wealth is

that of the physical isolation of the particlesand their persistence
through time: Figure 5: Gamma pdfs with common scale

parameter, A = 0, and different shape parameters

probability density
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where n; is the number of particles with the wealth that puts them into the i"" relative frequency bin. The second
congtraint isthe constancy of total wealth in the population of particles dueto thefact that wealth is neither created nor
destroyed in wealth exchanges in the Inequality Process, as can be seen by adding (2a) to (2b):

Xp ¥ X T Xy ¥ Xy ®)
The second constraint is:
Ypx = b ©)
where . isthe mean of wealth in the population of particles.
Maximizing the entropy statistic subject to these two equality constraints, which obtain in theideal gas model,

yields a negative exponential distribution of x. Maxentropically obtaining the gamma pdf instead requires a third
constraint (Kapur, [44]):

gp,- In(x) = @ (10)
where i isthe mean of the natural logarithm of particle wealth. This constraint is exactly satisfied if:
]'n(xit) * ]n('x_]t) = ]'n(xi(t—l)) * ]'n(xj(t—l)) (11)
implying:
X% = Xie-1y%e-1) (12)



in theinteraction between apair of particlesin the OPIP, (2a,b). Taking earlier values, ..., asknown, and later val ues,
X, @ unknown, the two constraints, equations #8 and #12, together imply:

%, = Py * Ben) = B~ Beon) (13)
-2

i.e., dther x; = X;., Which isnot in general true, or x;; = X, i.€., wealth amounts do not change, which isfalse. So

the OPIP (2a,b) does not have a stationary distribution that is exactly gamma.

4 For Large w the Stationary Distribution of the OPIP is Approximately Pareto®

Let particlei bethegeneral particle in the population of the OPIP (2a,b). The derivation of approximationsto
the stationary distribution of this process follows from the solution of (2a,b) for particlei’s current wealth at timet, x;,
in terms of the parameter, w, the stochastic variables, the d,'s (Bernoulli variables), and the wealth of particlesj, k, I,
.... encountered by particlei at timet, t-1, t-2, ..... This solution is found by back-substitution:

Xie = X l)mdit
* X 0y [1 -o(1 —d")]
+ xl(t_3)mdi(t_2)[1 -o(1 —dit)] [1 ~o(1-dy,_ 1))]

LAY N [1 ~o(1 —dt.t)] [1 ~o(1-dy,_ 1)>] [1 ~o(1 —di(t_2))]

+ X s0dy,_p[1-0(1-d,)|[1-0(1-d,_][1-0(1-d_p][1-0(-d )] (14
N
+ xped, [1-0(1-d)] [1-e(1-d,_)| [1-(1-d_,)] - - [1-e(1-d,)]
+ x0dy, [1-0(-d))] [1-0(1-d;, )] [1-0(1-d;_y)] . - [1-0(1-d,)]
+ x [1-0(1-d,)| [1-0(1-d )] [1-0(1-dg )] - - [1-e(1-d,)]
At timet, all stochastic events prior to d; have been realized as 0's or 1's so the RHS of (14) equals:
X = Xy
1-d,
t X Wi gy (1-w)
-d,-d,
+ xl(t—3)mdi(t—2)(1 —0))2 it~ %ie-1)
+ L
(15)

t-3
t- 2)—2_; dygy
+ xped, (1-0) =

=2
G iy
+ xwd; (1-w) ™

.
-3, Ay ry

1
+ x, (1-w) =

Particlei’s wealth at timet, x;, in (15) isasum of w sized "bites" taken by particlei out of the wealth of competitor
particles at previoustimes multiplied by (1-w) raised to the power of the sum of particlei’slater losses, i.e., particlei’s

5
Based on Angle[6, 12, 15].



current wealth, x;, isthe sum of gains from past wins that particlei did not later lose. Thereisarun structure in (15)
made clearer by re-writing (15) as:

Yi = xj(t—l)wdit
_ 1, if 1 tt
X0y (1-co)Ls i loss at )
_,\\Q_ losses at t, t-1)
+ xl(t—s)“’di(t—z)(l ) b2
+ (16)

+ Xg0d, (1 _w)(E losses time 3 until time 1)

_ (E losses time 2 until time t)
+ x,0d, (1-w)

+ xio (1 —(.0>(E losses time 1 until time t)

When w islarge and (1-w) small, particle i’s wealth, x;, in (16) can be approximated as the sum of winnings from
competitorsin arun of consecutive wins moving backward in time because thefirst 1oss encountered moving backward
in time from the present, timet, stops the run by almost erasing particle i’ s wealth. Consequently:

Xy F (‘)(xj(t—l) t Xy t Xgg-zy o ) (17)
X is approximately a Lévy stable variable where the number of summands on the RHS of (17), n, isdistributed as a
geometric probability function:

Pn=k = (1-pp*
(18)

where p is the probability of a win and k is the number of wins. p in the OPIP equals ¥2. (17) is distributed,
approximately, as a Pareto pdf [45]:
fX) = o k%!
19

where o isa parameter which just happensto be denoted by the same Greek letter as a parameter of the gamma pdf and
k is the minimum of x:

o >0
k>0
x > k

So the Pareto pdf isan attractor of the OPIPasw — 1.0. Thisresult should be compared with the stationary distribution
of the SWM as (1-1) — 1.0, theimage in the SWM of the OPIP sw — 1.0. The SWM’s stationary distribution (1-A4)

— 1.0 is a negative exponential pdf, a pdf with alighter right tail than that of the Pareto. When w is large and (1-w)
small, particle memory is short since the first loss encountered, moving back in time on the RHS of (16), erases nearly
all the information accumulated in the prior history of losses encoded in a particle’s wealth. The probability that a
consecutive run of winsisno longer than t, t = 1,2, 3,....., is 1 - (¥2)* which quickly approaches 1.0 given independent
probabilities of winning equal to¥2. When mean w islargeand mean (1-w) issmall in the IPDO, any difference between
;s will be difficult to distinguish using particle wealth, most of which is success runs produced by the Bernoulli
variables, i.i.d. random variables, i.e, just noise.



5 For Small w the Stationary Distribution of the OPIP is Approximately Gamma®

Conversaly, when w issmall and (1- w) large, a) losing an encounter doesnot by itself eraseaparticle’ swealth
and x;; can be approximated asthe sum of winningsin arun of winsbackward in timetol erating someintervening | osses;
b) thememory of the processislonger and thereismoreinformation about particlei’ shistory in x;; €) aparticle swealth
ismore dueto small w (wealth retention after aloss) than to consecutive winsin encounters, i.e., due to a determinate,
unvarying characteristic of the particle rather than chance. As w becomes small, the RHS of (15) loses its run-like
character and becomes asum of small random increments. Conseguently, given the central limit theorem, asw becomes
small, the stationary distribution of x;, convergesto a normal distribution.

When w isis sufficiently small, x;, can be approximated by the RHS of (20):

Xy ®

1-4
+ (t-1)(1“9) ‘

2-d-dy.
op | T o)y

2
3 At-my

+ dy(l-w) ™

(20)

(20) is(15) with u substituted for thewealth of particlesthat particlei encounteredin thepast. (20) can be demonstrated
numerically to be an adequate approximation to (15) for many purposes when w < .5.

Theinfinite seriesin the brackets on the RHS of (20) behaves much like the sum of afinite sequence of varying
length of unweighted Bernoulli variables. The weight on each of the Bernoulli variables of (20) is (1-w) raised to the
power of losses occurring later in time. If there are no losses later in time, theweight is 1.0. The smaller (1-w), the
fewer losses need occur before any gain from a previouswin has been erased. Theweightsallow particlei to keep gains
aslong as particlei wins, but given losses, a small number when (1-w) issmall, alarger number when (1-w) islarge,
gains occurring before those losses are erased. (1-w) determines atime horizon from the point of view of the present,
time t, looking back into the past.

Theinfinite series of weighted Bernoulli variablesin the brackets on the RHS of (20) can be approximated by
summing a finite sequence of unweighted Bernoulli variables running from the present, t, back tot - t in the past:

dt+dt—1+ + d

t-2) t o ) (21)

Numerically, (21) becomes a better approximation to the seriesin the bracket on the RHS of (20) as w decreasesand t
increases (moving backward in time from the present) until particle i encounters enough losses to erase gains from
encounters at earlier times. Let N be the minimum number of discrete losses that approximates the power of (1-w) so
that (1-w)" is negligibly different from zero. The number of wins of particlei, k, must be the same in (20) and (21).

6
Based on Angle[6, 12, 15].



If N=1, one loss essentially wipes out any contribution from previous winsin theinfinite series of (20),
i.e, wissocloseto 1.0 that:

1-0)' ¥ = 0

when d, = 0. N, like w, isa parameter. N is the number of losses that makes prior wins irrelevant. N=1 correspondsto
a (1-w) closeto 0.0 and the sum (21) is the number of consecutive wins moving backward in time from the present to
timet-t. Where N=1, awealth of O, i.e, k = 0, isapproximated in (21) by a sequence of two Bernoulli variables, one at
the present time, d,, the other at the time previous, d;. d, must be aloss, elsek > 0. d,.;y isaloss too. It is the loss
required by making N=1, since:

(1 —(.0)(1 _dt)

appears in the seriesin the bracket on the RHS of (20) at time (t-1) and could not approximate zero until time (t-1)
because it appears as a cofactor of d,; The effect of (1-w) being small makes the question of whether d.,, equals 1 or
0 irrelevant in (20) since multiplication by small (1-w) approximates a loss even it is a win. This effect must be
represented in (21) by aloss: d;.;) = 0.

Where N =1 and k = 1, (21) becomes the sum of three Bernoulli variables with realizations:
d=1
d(l-l) = O
t2 =
Thewin at timet providesthe k = 1 in (21) when this sequence of Bernoulli variablesis summed in (21). The loss at
t-1 must occur; else, because awin at timet-1 in (20) would be multiplied by:

(1-0)" = 10

and k > 1, contrary to the hypothesis that k = 1. (1-w) goesinto effect at t-2 in (20), where because of awin at t and a
loss at t-1:

(1-0) 1 = (1-0)

In (20) it does not matter whether the Bernoulli variable at t-2, d,., isawin or aloss, since multiplication of awin at
t-2, dy. = 1.0, by (1-w) approximates zero, aloss. This situation is modeled in (21) by d;., = 0.

These examples show that when N = 1, there must be N +1 lossesin (21) for itsdiscrete sum to approximate
the value of theinfinite series on the RHS of (20). Thusthe number of Bernoulli variablesin (21), t +1, equalsk+N+1.
It can be shown that thereare N + 1 lossesand (21) has length k+N+1 Bernoulli variableswhenk > 1 or N > 1 aswell.
The random variable, k successes before N+1 losses in a sequence of independent Bernoulli variables, is distributed as
anegativebinomial, NB(N,p), probability function (pf), where pisthe probability of success, here 1/2. The N parameter
approximates the shape parameter of the approximating gamma pdf [7,16]. An expression for the shape parameter of
the approximating gamma pdf can be obtained in terms of w, if an expression can be found for N+1 in termsof w. N+1
is the discrete approximation to the sum of (1-w) raised to successively higher powers:

o

N+1 = Y1 - oY (22a)
t=0

which implies that:
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@ ~ 1@ 22b)
= (220)
where « is the shape parameter of the approximating gamma pdf. McDonald and Jensen [42] show that the Gini
concentration ratio is a monotonically decreasing function in a gamma pdf of its shape parameter:

I‘(u + l)
G - .\ 2) (22¢)

/& D@+ D)

which, given (22b), meansthat the Gini concentration ratio of the gamma pdf approximating the OPIP’ s distribution
of wealth isamonotonically increasing function of w. The OPIP is consistent with its meta-model’s proposition that
rising skill levelsin the labor force reduce the concentration of wealth. In particular, the OPIP impliesthat most of the
reduction in the concentration of wealth has occurred post-Industrial Revolution with the onset of mass education.
However, while the OPIP implies that the concentration of wealth falls as skill levelsrise in the labor force, the OPIP
also impliesthat a statistic that many social scientists consider a measure of inequality, dispersion, increases as mean
wealth rises. The expression for the variance of wealth in the gamma pdf model of wealth in the OPIPis /A% Since
the mean of the OPIP, u, is exogenoudly determined and known, A can be expressed in terms of « and p, via the
expression for the mean of a gamma distributed random variable in terms of the parameters of the gamma:

J— = u
A
(22d)
The variance, var(x), of a gamma distributed random variable, X, is:
o
F = var(x)
(22¢)
Soin terms of w and p, var(x) of the gamma pdf model of the OPIP stationary distribution of x. wealth, is:
2
var(x) = W
l-w
(22f)

The OPIP impliesthat while hunter/gatherer society may appear egalitarian in the sense of a small dispersion of wealth
becausethereislittlewealth, hunter/gatherer society hasthe hottest competition, largest w, and if it acquireswealth, the
greatest concentration of it. According tothe OPIP the egalitarianism of hunter/gatherer society isonly intermsof the
dispersion of wealth which is low because there is little of it. Thus the OPIP is consistent with its meta-model’s
explanation of the universality of the appearance of inequality when hunter/gatherers acquire food surpluses, wealth.
An increase in u when it is very small, in the presence of large w, increases the dispersion of wealth and allows the
concentration of wealth to be noticed.

6 The Inequality Processwith Distributed Omega (IPDO), the OPIP with a Population of Particles each with its
w;’

Figure 1 shows that the shapes of the relative frequency distributions of annual wage and salary income vary
by peopl€e's level of education in the U.S. Figure 2 shows that these shapes have been stable over 40 years. Figure 3
suggests that these shapes are not peculiar to the U.S. Following its meta-modd, the Inequality Process model s a labor
force composed of workers with different educations via a population of particles each with a possibly distinct value of

7
Based on Angle[13, 16, and 21].
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thew parameter, i.e. particlei hasw;, the Inequality Processwith Distributed Omega (IPDO). The IPDO models change
in thedistribution of education in the labor force by change in the proportion, w,,, of the population of particlesin each
w,, equivalence class. When particlei isin the w,, equivalence class, its parameter isreferred to as w,,;. The meta-model
of the Inequality Process impliesthat (1-w,,) estimated from observations on the wage incomes of workers at different
levels of education should increase at each successively higher level of educaton. Since the effect of education on
peopl € sproductivity isquasi-permanent during their work lives, education ismodeled astimeinvariant from the point
of view of wage income determination. The equations for an encounter between particlei that oses an w,; share when
it loses and particlej that loses an w; share when it loses are:

Xig = Xy F wﬁjdt‘{xj(t—l) - (‘)wi(l_dit)xi(t—l)

(23a,b)
X = Xopy ~ Ogidi Xy T ml]!i(l_dit)xi(t—l)
where the quantities are defined as in (2a,b) except for:
w,; = proportion of wealth lost by case i when it loses
wg; = proportion of wealth lost by case j when it loses.
(233,b) definesthe IPDO.
: : : : Difference Between Wealth
g. Regression of Gains on Weplth |  After and Before an
[y = 0.20533 + 0.00037x,., | IPDO Encounter Plotted
g. " (0.00098) (000076) | Against Wealth Before
2 x
0 | ¥ =000 % IPDO simuloted with 300 coses in each of 4
sl ,x wy closses: wy = .5, 4, .2, .1,

- - . Simulation sampled over 50 encounters
k] N s ook yielding 98,000 observations for regression
To *‘;ex" o ;xx S s estimation. Random sub-somple of 1,000

T PRI ¥ LW I H
\_‘}‘?,,:s; 5553*:;3;1 »;: Py " observalions grophed.

— . x*xé‘;"ii!gﬁ I x ]
> © s e ¥ e B T oo Overall mean wealth, u, = 1.0
- }X e S L . My = 4173 when wy =.5
- s Uy = 5153 when w, =.4
I e wy = 1.0409 when wy =.2
P iy = 2.0265 when wy, =.1
= o,
X < b
‘)SX( "X
| %‘x Note the:

e 1) asymmetry of gains, losses
™~ o 2) independence of gains, wealth
o peqative image of

the regression of in =

| goine gression 3) expected gain );w,,w,,w
4) losses of cases with wy fall
Q . w*.- .5. 14 ..2 .l on y = _wwx Iine
T0.0 0.5 1.0 1.5 2.0 2.5 5) equality of absolute value of actual
. loss and expected gain at u
Xi(t—1) Y

Figure 6: Scattergram of forward differencesin the IPDO against wealth
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When particlei, in the o, equivalence class loses, itslossisin absolute value:
Oy Xyrie-1)
(24)
Seefigure 6, the graph of foward differences, x-Xiq.1), against wealth, x;q, in the IPDO (23a,b). Losses of particlesin
the w,, equivalence classfall on theliney = -w,X,.). When particlei whose parameter is w,,; wins an encounter with
particle j whose parameter is wg, itsgainis:
©gj Xae-1)

(25

The expected gain of all particlesin the IPDO (23a,b) is:

k4
OB = Y W, 0,b,
y=1

(26)
when thereare ¥ distinct w,, equivalence classes. The expectation of gain of particlei isindependent of the amount of
its wealth, X,;..1), resulting in aregression line with near zero sope fitted to gainsin figure 6.

(233,b) is solved by backward substitution:
Xy = mﬁjxj(t—l)dit

+ w¢kxk(t—2)di(t—l) [1 _(")qu‘(l _dit>]
Oy 3|1 =01 =dy)| [1-0y {1 -d )

+

@7
The RHS of eq (27), after the realization of d/'sas0'sor 1's, equals:
0o X1y
l_dit
0oy (1-0y)
Z_dit_dit—l
v oty adpfl-0y)
oo
(28)

(28) isthe sum of "bites" taken out of competitors multiplied by (1-w,;) raised to the power of the number of later losses,
i.e., ego's current wealth, x,, iswhat it has won from competitorsand did not lose at alater time. When (1-w,;) issmall,
X; is determined by the length of a consecutive run of wins backward in time. Where (1-w,;) is large, losing is less
catastrophic and x;; can be considered a run of wins backward in time tolerating some intervening losses.

The RHS of (29a) approximates (28) as (20) approximates (15). Ego's wealth is the sum of its gains from
competitors, each gain weighted by (1-w,,;) raised to the power of the number of later losses:

13



i
2

1-4,
+ i(t—l)(l_(’)qn') ‘

2-d.-d,
m—u + di(t—Z)(l_qui) dy dx(t—l)
2
S_Z;odi(t—'n)
* i(t—3)(1_mﬂn') '
Tt
(29a)
where:
WU = WO, + WO, o Wyglly
(29b)
and:
w, > 0
Wyt T W Lt Wy S 1.0
n
- T
w, = 7
(29¢)
where n, is the size of the population in the w,, equivalence class, and:
A R R | (29d)

Numerically, (29a) approximates (28) better when wg, w,, wy,...., Wy are small.

Theseriesin bracketson the RHS of (29a) istheseriesin brackets on the RHS of (20), so thewealth of members
of the w,, equivalence class of IPDO particles is approximately distributed as a gamma pdf with the shape parameter:
l-w
0, ~ —1¥

@y

(30)

where ., isthe shape parameter of the approximating gamma pdf for w, <.5. Becausetherun-like seriesin brackets
on the RHS of (294) is the series inside the parentheses on the RHS of (20), whose expectation is 1/w, mean wealth of
the set of cases with w,,, Wy, is:

~ OB
By o,
(31
Given (31) and the fact that the mean of the approximating gamma pdf, ., is o,/A,:
op l-o,]1
p'lll ~ —_— ~ _ | —
Oy Wy ) Ay
(32
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which implies:

(33

(29b) defines wp in terms of w,'s and w,,'s which are known and p,,'swhich are not. A, can be solved for in terms of
knowns, w,, w,, and the grand mean, ., also known, in the following way:

b= Wiy + Whlly ot Wylly
(34)
and from (31):
. [1]@ . [1](,,—“ - [&]@
W, @, ot 4
(35
which implies that:
op & o
il s 4
W, @, Wy
(36)
so the RHS of (33) can be expressed in terms of known quantities:
(l_mq:)[m N BN ﬁ]
) gl—wwz W, W, Wy :1—(;)]IJ
¥ (D_M B oOp
(37
where & isthe harmonic mean of the w,’s.
Given (31):
O = Oy

(38) : . .
aloss occurring to an w,, class particle at the conditional mean,

thep,, approximately equals expected gain, wp.. See the vertical linesin figure 6 at the conditional means, p,’'s. The
length of the vertical line segment above the x-axis, wp, approximately equals the length of the vertical line segment
below the x-axis, w,u,. wp can beestimated over any rangeof incomesizes, in particular closeto theincome size that
the definitions and collection practices of large-scale household surveys are optimized for: the median. Estimating o
from gains does not require the identification of the w, of
particles. wp can be estimated either as the intercept of the

A Family of Gamma PDF’'s with Constant Scale Parameter

© linear regression of gains on wealth or as the mean gain of
© scole parometer, A, = 2.0 | particles with a gain. If the w,’ s are known, wp can be
= estimated as the mean loss (in absolute value) of casesin the
Fal] . ‘s
» of shape parameters, o's, 1 w, equivalence class or as the actual loss at the conditional
5 of gomma pdfs from top to | mean, p, . Given w,, an estimate of wp can be used to
© bottom: 3.0, 2.0, 1.0, .5 . . — .
ER! estimate ., or given ., wp can be used to estimate w,,.
= o
=
o
e}
O o
& o
(@}
0 1 2 3 4 5

X

Figure 7: Gamma pdfs with common scale parameter, A =
2.0, and different shape parameters
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An upward shift in the skill levels of the population, resulting by hypothesisin a smaller &, (subscripted t to
indicatethat it can change over time asthe proportion of w,’ schangein the population of particles), increasesthe scale
parameter of the approximating gamma pdfs of all w,, equivalence classes, A, A larger A,,, compressesthedistribution
of wealth of particlesin that equivalence class to the | ft, decreasing all wealth amounts, asin figure 7, which doubles
the scale parameter of figure 5. Compare figure 7 with figure 5. A smaller A, stretches the mass of the distribution to
the right over larger wealth amounts. See figure 8.

A Family of Gamma PDF's with Constant Scale Parameter

©
s}

Trends in Two Lowest and Three
Highest Levels of Education
in U.S. Labor Force

.
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Figure 8: Gamma pdfs with common scale parameter, A =

.5, and different shape parameters Figure 9

Source: Author’ s estimates from March CPS data

7 A Test of the Inequality Process with Distributed Omega (IPDO)?

The Inequality Process with Distributed Omega (IPDO) (23a,b) can be tested by fitting the gamma pdf model
(30), (37) of itsstationary distribution of wealth to the distribution of wageincome conditioned on education in the U.S.,
1961-2001. Education levelsin the U.S. labor forcerose rapidly during this period putting the IPDO which modelsthe
effect of education on thewage distribution to aseveretest. Seefigure 9. Thetest isthefitting of the gamma pdf model
of the IPDO’ s stationary distribution to each of the partial distributions of the distribution of wage income conditioned
on education simultaneously. The fitted model isf,,(x), defined by:

fu®) = constant - O oM

1—2(|)w
stant * exp = In(x) -
Wy

1—(.>“J

B O,

X

(39)

wherethevariablesareasdefined in (23a,b), (30) and (37). (39) isnot an exact expression for the stationary distribution
of the IPDO (23a,b). Rather, (39) isderived as an approximation to it under the assumption that &, is sufficiently small
to justify the gamma pdf approximation, (30), (37), and (39), to the stationary distribution of the IPDO. The expression
for the shape parameter, (30), does not change over time. Change enters (39) in the scal e parameter, A, viathe product
®, 1N (37). Fitting (39) to awageincome stream of workersat aparticular level of educationimplicitly capitalizestheir
wage income stream (or, conversely, annuitizes wealth in the model). , is the unconditional mean of wage income. It
ishypothesized, given themeta-mode of the Inequality Process, that &, decreasesasthelevel of education rises. Nothing
in the model constrains estimated (1- w,,) to vary with education.

Equation (39) isfit to the wage income distribution, expressed in constant 2001 U.S. dallars, of workers 25+
in age at each of six levels of education estimated from 41 years of March Current Population Survey, 1962-2002 data.
See Appendix A. Thereis a simultaneous fit of (39) to each of the 246 partial distributions of wage income using 6

8
Partially based on Angle[18, 20]
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parameters, one w, for each level of education
distinguished. By contrast it would take the
estimation of 492 parameters to fit a two parameter
gamma pdf to each of the 246 partial distributions.
Fitting a two parameter gamma pdf to each of these
distributions is a conventional method of modeling
them. The greater parsimony of the IPDO’s model,
(39), is stark. Each partial distribution is estimated
by a relative frequency distribution of nine bins
resulting in 9 x,y pairs to be fitted, where x = an
annual wage and salary income and y = therelative
frequency of that x. There is an x,y pair for each
relative frequency bin. The bins go from$1-$10,000
to $80,001-$90,000 in constant 2001 dollars. There
are 2,214 observations fitted.

Fitting (39) requires an estimate of the
unconditional mean of annual wage and salary

Eighth Grade
or Less

Some High High School

Graduate Some College

School

College
Graduate

”

D
A 3
0
.

y—axis is proportion of sample
from O to .5 in bins $10.000 wide.

Post
Graduate

= x—axis is annual wage income
from $1 to $90,000.

Dollar amounts in terms of 2001
U.S. dollars.

Distribution of U.S. Annual Wage Income
Conditioned on Education in 2001: Solid Curves
Fitted Model: Dashed Curves

income, .. Thisisobtained from sampleestimatesof Figure 10: 2001, Year of Worst Fit of Model (39)

the conditional medians, X s,
L- o)

) “

¥
B, ® %an(so)w (

Source: Author’ s estimates from March CPS data

where X, IS @ sample estimate of the ¢™ conditional median. See Appendix B for the derivation of (40). p, cannot
be directly estimated from the sample because of the masking of large incomes in March CPS public use samples.

The mode (39) was fitted by nonlinear
least squares in which the sum of squared errors,
weighted by thew;,’'s, the proportion of the sasmple
at each education level in each year, is minimized
simultaneoudly for all years by a stochastic search

Eighth Grade
or Less

Q
>
.

Some High High School

Graduate Some College

School

ve

.

algorithm, a variety of simulated annealing
(Kirkpatrick, Gelatt, and Vecchi [47]). Thesquared
correlation between expected relative frequencies
under thefitted model and observed samplerel ative
frequencies is .921. As shown in table 1, the

College
Graduate

R

v
D

Post y—axis is proportion of sample
from O to .5 in bins $10,000 wide.

Graduate

s x—oxis is annual wage income

D

K from $1 to $90,000.
o’
L

estimated (1-w,)’s scale with education, as the
meta-model of thelnequality Processhypothesized.
Standard errors are estimated by 100 bootstrap
samples. Figure 10 shows the expected relative
frequencies under the fitted modd (39) and
observed relative frequencies in the year of the
worst fit of the model. For comparison, figure 11
shows the year of best fit of the model.

Table 1. Estimates of IPDO Modd’s Parameters

Distribution

Dollar amounts in terms of 2001
U.S. dollars.

of U.S. Annual Wage Income

Conditioned on Education in 1986: Solid Curves

Fitted Model:

Dashed Curves

Figure 11: 1985, Y ear of Best Fit of the Model (39)
Source: Author’ s estimate from data of the March CPS

Highest Level of Education

w; Estimated by Fitting M odel to 246 partial
distributions (41 years X 6 levels of education)

Bootstrapped standard error
of w, (100 re- samples)

Estimate of «;
corresponding to w,

0.4506

Eighth Grade or Less

.000098 1.2194
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Some High School 0.4005 .000063 1.4972
High School Graduate 0.3554 .000037 1.8134
Some College 0.3255 .000069 2.0718
College Graduate 0.2579 .000186 28771
Post Graduate Education 0.2113 .000108 3.7329

In the alternative modd, 246 unconstrained two
parameter gamma pdfs (492 parameters to be estimated), are
each fitted, one at a time. The 2,214 expected frequencies of
these 246 fits have a squared correlation with the observed
relative frequencies of .943. So the IPDO (39) fits almost as
well, at acost in parsimony of 6 parameters estimated, as the
conventional alternative model at a cost of 492 parameters
estimated. Thistest showsthat the IPDO’s mode (39) accounts
with great parsimony for the distribution of wage income
conditioned on education in the U.S. 1961-2001.

Figure 12 showsan estimate of the unconditional mean
of annual wageincome, ,, made viathefitting of the IPDO’s
model (39). A glance at figure 12 reveal sthat the unconditional
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mean of annual wage income increased from year to year most Figure 12: Unconditional mean of wage income in year t,
years between 1961 and 2001, although it decreased in some M 1961-2001, in thousands of constant 2001 dollars

years. Conseguently, according to (37), therising unconditional

estimated by fit of model (39) to March CPS data

mean should have contributed to the stretching of the distribution of annual wage income to the right 1961-2001 by
making A, smaller. However, asfigure 9 shows, more educated workers became alarger part of thelabor forcein those
years. Figure 13 shows a steadily decreasing ®,, the harmonic mean of the w;’s, as hypothesized because of the rising

level of education in the labor force.
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Figure 13: Harmonic mean of w;'sin year t, &,, 1961- |
2001, estimated by fit of model (39) to March CPSdata Workers entering the labor force or less well educated workers

percentiles of the distribution of wealth of each w,, equivalence
classincrease asthe distribution stretches to the right, asin the
comparison of figure 8 to figure 5. All percentiles of this
distribution increase with increasing (®,). Vice versa for a
decreasein (&g,) asthe mass of the distribution is compressed
to the left and all percentiles decrease, as in the comparison of
figure 7 to figure 5. @, decreased while p, increased between
1961 and 2001. Figure 14 shows that in the 1960's and 1990's
the product (&) trended upward, and alsoin part of the 1980's.
The effect of decreasing &, (dueto higher levels of education in
the labor force) was to decrease the size of wage gains and
exaggerate decreases in wages, i.e., some of the wage gains at
every level of education were eaten up by more highly educated

leaving it.
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8 The Inequality Process with Distributed Omega

(IPDO) as a Wealth M aximizing Process -

The Inequality Process’ meta-model implies " [ Product of Harmonic Mean of
that workerswho produce morewealth arerobust losers " w:'s and Unconditional Arithmetic
in a competition in which all workers are as likely to | Mleon of Annual Wage Income
lose as win. This paper tests and confirms this -

hypothesis. An empirical process like the IPDO may
acquireinformation about worker productivity fromthe
proportion of wage income lost when a worker loses
income. More productiveworkersmay betreated more
gently; they may recover more quickly from losses, or
it may be that worker skill is a form of wealth less
easily expropriated than more tangible forms. By
transferring wealth to such workers, this empirical
process acts against the scattering of wealth by
randomly decided competitionsin which the expected
difference of wealth after the competitive encounter is
less than before (4), and more simply than Maxwell
imagined the Demon [48] acting against the scattering
of kinetic energy in the ideal gas model. The IPDO’s
asymmetric treatment of gain and loss accomplishes thisfeat. The IPDO’ s doing so viathe transfer of wealth to robust
losers is counter-intuitive in Western cultures where runs of wins are taken as evidence of merit. Since the SWM’s
asymmetry between particle gains and losses is obscured by its stochastic driver of wealth exchange, it is not a model
that would be naturally selected if robust |osersare more productive. An empirical process transferring wealth to robust
loserswould be naturally selected if @) more productive workers experience smaller losses, b) transferring wealth to the
more productive increases the aggregate production of wealth, and c) popul ations with a greater aggregate production
of wealth are selected. Points b and ¢ seem plausible. Point a) should include evidence that more educated workers do
not experience smaller 1osses because of arbitrary discrimination in their favor.

1.00

0.92

<
00

©1963 1969 1975 1981 1987 1993 1999
Figure 14: Product (&), 1961-2001, estimated by fit of model (39)
to data of March CPS

Product of w tilde and Mean Income

A direct test of point @) requires longitudinal data on worker earnings, a measure of productivity other than
earnings or education, and a way of estimating the mean length of time between IPDO particle encountersin terms of
of thetime unitsin thedata set, an issue discussed in [16]. Such a data set is not at hand. However, thereis evidence for
pointsa), b), and c) in the 20" century history of how technol ogy adoptionin U.S. agriculture affected farm incomes. The
evidenceis the falling ratio of mean wealth in the w,, equivalence class, ., to the unconditional mean, u,, as &, falls.
Falling &, isthe IPDO’ s measure of increasing productivity in the popul ation of particles. The relationship between p.,
and , as afunction of &, is, given (32) and (37):
oy l—ww ) o, p o,p |6,
1, o (l-0,) o, [w_] e

v v v v v

T

(41)

Givenfixedw,’s, ., becomesasmaller fraction of p, in every w, equivalenceclassas, falls. With fixed w,’s, @, falls
asthe proportion of particlesin eguivalence class w, grows at the expense of the proportion of particlesin equivalence
class w, where w,, > wg. The scale parameter of the gamma pdf approximation to distribution of wealth in the IPDO,
Ay isfrom (37):
L a 1 - o
Yo e,m

(42)

If the proportional decreasein @, is greater than the proportional increasein p,, the product (&, 1) decreases and the
distribution of wealthinall w,, equivalence classesis compressed |eft over smaller wealth amounts, asin the comparison
of figure 5 to figure 7 since A, islarger. The variance of wealth in the w,, equivalence class decreases rapidly as

(&, W) decreases since the variance of the gamma pdf approximation to the stationary distribution of wealth in the w,,
equivalence classis:
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%y
var(x,,) = Tz
vt

. [1—%] .[(G’tut)z] _ o, wf

i Oy (1-o,f 0y (1-0y)
(43)

So luck in winning IPDO encounters advancesthe wealth of thelucky lessthan when (&, 1) waslarger. If particlei were
ableto decrease w; in order to maintain itsexpected wealth, it would, in afinite popul ation of particles, lower &, , further
increasing particlei’s need to lower w; to maintain its expected wealth. Smaller ®, meansthat the wealth of particlei is
more closaly tied to w;.

In awell known phrase in the history of U.S. o
agriculture, Cochrane [49] labels the effect of the —| Rgtio of Conditional Wage Medians

adoption of new agricultural technologies on U.S. "
| to Unconditional Wage Mean

1.5

2

0.9

0.6

farm incomes in the 20" century a “treadmill”. The

producers adopt the new technology in an attempt to - \/\/\/\%
maintain their revenues. Demand for most agricultural

of the crop. While leaving the population is not an

“treadmill” is the transiency of the advantage of being —’\/\’\A\\"\/\/\
to continually adopt new technol ogies and new scalesof - Figure 15: Ratio of sample conditional medians, X g, to
agricultural rather than producers [50]. This process 1961-2001.

adoption of new agricultural technology provided early post grad
adopters only a transient income benefit as other
commaoditieshasalow priceelasticity [50], soincreased
output due to the new technology lowers the unit price /\\’\’\_\_\S:ie_m”:i
option in the IPDO, the bankruptcy of high cost | some_high school high school grod
producers buoyed mean farm income. Cochrane's

lementar: hool
an early adopter of new technology (a step forward on 2 ‘ i ey = ‘
atreadmill moving backward) and theburden of having 1966 1976 1986 1996
production to survive. Consumers reaped the windfall unconditional mean of wage income, ., estimated by fitting of (39)
increase of wealth from the fall in the unit prices of to distribution of wage income in U.S. conditioned on education,
was a wealth maximization process from the point of Source: Author’ s estimates based on data of March CPS.
view of the economy.

From the perspectiveof thel PDO, theupgrading of education levelsin theU.S. labor forcehasput theU.S. labor
force on the “treadmill” of having to obtain more education to maintain earnings. Figure 15 shows that the effect of a
falling u,,/p, ratio when &, decreases. Figure 15 isthe estimated ratio of median of wage income to the unconditional
mean of wage income by level of education, 1961 to 2001. Figure 13 shows &, decreasing from about .36 to about .305
in thistime period asthe level of education of the U.S. labor force rose. The unconditional mean of wage income, y,, is
estimated in thefitting of the gamma pdf model (39) to the data. Seefigure 12. Asnoted in Section 7, the means of wage
income at each level of education, however, cannot be directly estimated from March CPS sample data. But each
conditional mean can be estimated from the statistic that is perhaps the most reliably estimated sample statistic of wage
income, the conditional median. Doodson’ s approximation to the median implies (Appendix B), that the median wage
income among workers at the ™ level of education, Xy, is:

1- im
X, = (3a,‘|’ _ 1) = 3 Y . & ‘B
(50)yz 3A'1|;t 1-© t

(44)

the product of a constant by the conditional mean in (41), so (44) impliesthat theratio of the conditional median to the
unconditional mean also decreases as &, decreases. Figure 15 showsthat thisratio decreased for five of the six education
groups in the U.S. labor force from 1961 through 2001. Thus the IPDO explains why the mean and median of wage
income of workersat every level of education decreased relativeto theunconditional mean of wageincome, except those
of the most educated, an open category, in which mean education may have risen.
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9. Conclusions

But for their respective stochastic drivers of wealth exchange between particles the One Parameter Inequality
Process(OPIP) (2a,b) and [2-23] and the Saved Wealth Model (SWM) of Chakraborti and Chakrabarti (1a,b) and[24-30]
are isomorphic stochastic binary interacting particle systems. By contrast, their respective meta-modd s, the set of
understandings about the referents, variables, hypotheses, and tests, are different. The meta-model of each determines
each model’s choice of stochastic driver of wealth exchange between particles. The meta-model of the SWM is the
stochastic version of the ideal gas model. The meta-model of the Inequality Process is the Surplus Theory of Social
Stratification of economic anthropology, a verbal theory, as extended by Lenski [32]. This theory explains why the
introduction of food surpluses transformed the societal type that anthropologists view as the most egalitarian, the
hunter/gatherer, into the chiefdom, the societal type they view asthe least egalitarian. This metamorphosis occurred in
populations far removed in place, time, race and culture. It is one of afew universal propositions of social science. The
Surplus Theory assertsthat there was a competition process among the hunter-gatherers which would have concentrated
wealth if the hunter-gatherers had much wealth to concentrate. The appearance of storable food surpluses, usually due
to the acquisition of agricultural technology, injected wealth into the hunter-gatherers competition process, which
concentrated it. Lenski [32] extends the theory to account for the decreasing concentration of wealth at higher techno-
cultural stagesthan the chiefdom, societal types with greater wealth than the chiefdom. Lenski hypothesizes that more
skilled workers create greater wealth, become alarger fraction of the labor force with techno-cultural evolution, and are
able to retain a greater proportion of the wealth they create. So the interpretation of (1-w), the proportion of wealth
retained by a particlein alossto a competitor, as aworker’s skill level isintrinsic to the OPIP’'s meta-moddl. As (1-w)
increases, the Gini concentration ratio of the OPIP s stationary distribution decreases. So the OPIP is consistent with its
meta-moddl.

The SWM uses the stochastic driver of the ideal gas model [31] because the SWM is intended as a
generalization of that mode, which it subsumes as a special case. While the parameter of the SWM, A, [not to be
confused with the scale parameter of a gamma pdf] is named “savings’, its empirical referent is unspecified and no
hypothesisabout A istested inthe SWM literature. Theword ‘ competition’ doesnot appear inthe SWM literature. Where
the Inequality Process's meta-model is a rich source of empirical referents and associated hypotheses and tests, the
SWM'’s meta-model, the ideal gas model, is not.

The OPIP's gtationary distribution is a Lévy stable distribution that ranges from Pareto pdf attractor near the
upper (hotter) bound of its parameter, w, toanormal (Gaussian) pdf attractor toward itslower (cooler) bound. A gamma
pdf model of the OPIP's stationary distribution is suggested by the solution of the OPIP and works well as an
approximation for w < .5, better asw approachesitslower bound. (30) and (32) are expressionsfor the parameters of the
approximating gamma pdf in terms of w. Asthe SWM isageneralization of theideal gas model, wealth in the SWM is
ageneralization of kinetic energy. Sotheimage of temperaturein the SWM is (1-A)p where . ismean wealth. The OPIP
is u symmetric. The OPIP takes mean wealth as an exogenous variable. The properties of the OPIP depend on its
parameter, w, whoseimage in the SWM is 1-A. So while wp istheimagein the OPIP of (1-A)u in the SWM, the OPIP
properties of the product wp depend only on w. Thus a society such as the chiefdom in OPIP perspectiveis hotter (has a
larger w) than an industrial democracy, even though mean wealth of the latter ismuch greater than that of the chiefdom.
In the OPIP s perspective techno-cultural evolution has been a cooling process even while mean wealth, p, hasincreased
proportionally faster than w has decreased proportionally.

Thelnequality Processwith Distributed Omega (IPDO) (23a,b) isageneralization of the OPIP. In the IPDO each
particle may have a unique value of the parameter w, i.e., particle i has w;. This generalization is required to test the
Inequality Process on wage income data from alabor force with workers at different skill levels. The heuristic argument
for the derivation of a gamma pdf approximation to the stationary distribution of wealth in the OPIP is applicable to the
IPDO’s stationary distribution of wealth in the equivalence class of particles with w,, where w,, <.5. The gamma pdf
model that approximatesthe IPDO’ s stationary distribution in terms of its parameters, (39), fits the distribution of annual
wage income conditioned on education in the U.S. from 1961 through 2001 well. With six levels of education
distinguished in the labor force of this period, there are 246 (6 levels of education X 41 years) partial distributions of the
conditional distribution to befitted simultaneoudly by this 6 parameter model (one parameter for each level of education
distinguished). Thefit of the alternative model, unconstrai ned two parameter gamma pdfsindividually fitted oneat atime
to each of the 246 distributions requires the estimation of 492 parameters. The IPDO model fits almost as closdly asthe
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fitsof the 246 unconstrai ned two parameter gammapdfs, fitsrequiring theestimation of 492 parameters. Thesix (1- w,)’'s
estimated from thefit of theIPDO model (39) scalewith thelevel of worker education ashypothesized in the meta-model
of the Inequality Process. See table 1. The estimated w,’s are all less than .5, which, in terms of the IPDO, iswhy a
gamma pdf model is useful for modeling wage income distribution.

The Inequality Process meta-model determines the choice of its stochastic driver of wealth exchange between
particles. The stochastic driver in both OPIP and IPDO isa 0,1 discrete uniform random variate. The SWM'’s stochastic
driver of wealth exchange is a continuous uniform random variate with support at [0.0, 1.0]. The asymmetry between
winning and losing isintrinsic in the Inequality Process meta-model which asserts that the proportion of wealth lost by
aworker in aloss varies inversely with the ability of that worker to produce wealth. What is random in an encounter
between two particlesin the OPIP and IPDO isthe determination of which onewins. What theloser givesup tothewinner
is predetermined from theloser’ s point of view. It isan w sharein the OPIP or w; sharein the IPDO for particlei when
it loses. What the winner receivesis, from the winner’s point of view, random. This asymmetry of gain or loss requires
a 0,1 discrete random variate to determine which of apair of particles to a competitive encounter isthewinner. Therest
is determinate; a fixed proportion of the loser’s wealth is transferred to the winner. Particle loss or gain has equal
probability in the OPIP and IPDO because the model has no information about the competitive abilities of particles, only
that they compete.

The asymmetry of winning and losing provides time reversal asymmetry of particle wealth holding. Given a
vector of consecutive wealth amounts of a particle in either the OPIP or IPDO, in chronological order or reverse-
chronological order, timeflows toward smaller wealth amounts of wealth adjacent in time to larger wealth amounts that
are a constant fraction of the larger amount. This fraction is (1-w) in the OPIP, (1-w,) in the IPDO. If w isunknown, it
can be calculated from the time-series of wealth holding of a single particle of the OPIP population, or in the case of the
IPDO, asingleparticlein each w,, equivalenceclass of the IPDO. The SWM for A = 0, theideal gas model, has symmetry
of gain and loss and no time-reversal asymmetry. The SWM for A # 0 has partially asymmetric gains and losses. A
determines the degree of asymmetry. If A is not known, estimating A may require along time series of wealth holding.
The problem of estimating the asymmetry of gain and loss in the SWM is not recognized or discussed in the SWM
literature.

If a competition process arose via natural selection to allocate wealth to workers who lose less when they lose,
robust losers, to increase the aggregate production of wealth, the IPDO would be selected over the SWM because the
asymmetry of the|PDO’ sstochastic driver of wealth exchangeletsthe IPDO operatewith lessinformation than the SWM.
The IPDO requires only that robust losers be the more productive workers. Then the IPDO transfers wealth to the more
productive, nourishing their production of wealth, maximizing aggregate wealth production. The condition that robust
losers are more productive is empirically testable. The flow of wealth toward robust losersin the IPDO is a flow against
the entropy maximizing scattering of wealth viarandom, fair competition. The asymmetry of the IPDO does the work of
Maxwell’sDemon, moresimply. ThelPDO doesnot requirethat each particle’ sw; remain fixed over time. In apopul ation
of particles with time variable w;, the IPDO continually redirects the flow of wealth from particles with larger w to
smaller w’'s.

APPENDIX A: Data and M ethods

The distribution of annual wage and salary income is estimated with data from the March Current Population
Surveys (1962-2002). The March Current Population Survey (CPS) is known as the Annual Social and Economic
Supplement to the monthly Current Population Survey. It has a supplementary questionnaire which includes questions
on types of income received in the previous calendar year, posed on behalf of the U.S. Bureau of Labor Statistics. One of
the types of income asked about on the March Supplement is total wage and salary income received in the previous
calendar year. The CPSis conducted monthly by the U.S. Bureau of the Census (Weinberg, Nelson, Roemer, and Welhiak,
[51]). The CPS has a substantial number of households in its nationwide sample. The model (39) is tested on the
population 25 + in age, earning at least $1 in annual wage and salary income. The age restriction to 25+ isto allow the
moreeducated to be compared totheless educated. Thedata of the March CPS of 1962 through 2002 were purchased from
Unicon, inc. (Unicon, inc, [52]; Current Population Surveys, March 1962-2002 [34]), which providesthe services of data
cleaning and extraction software, along with research on variable definitions and comparability over time. Unicon, inc
was not able to find a copy of the March 1963 CPS which contains data on education. Consequently, the distribution of

22



wage and salary incomereceived in 1962 (from the March 1963 CPS), conditioned on education, isinterpolated from the
1961 and 1963 distributions (from the 1962 and 1964 March CPS)).

All dollar amounts in the March CPS' are converted to constant 2001 dollars using the PCE (personal
consumption expenditure) price index numbers form Table B-7 Chain-type price indexes for gross domestic product,
Economic Report to the President, February 2003 (Council of Economic Advisers, [53]).

The number of personsin the March Current Population Survey in each year and the number of them meeting
the criterion for selection are:

March CPS of Total number of person people, age 25+, who
recordsin the March earned at least $1in
Current Population previous calendar year
Survey
1962 71,745 22,923
1963 54,282 15,147
1964 54,543 23,903
1965 54,516 23,839
1966 110,055 46,656
1967 104,902 45,266
1968 150,913 47,157
1969 151,848 48,088
1970 145,023 46,004
1971 147,189 46,088
1972 140,432 44,143
1973 136,221 43,200
1974 133,282 43,043
1975 130,124 42,424
1976 135,351 43,888
1977 160,799 52,663
1978 155,706 52,255
1979 154,593 52,793
1980 181,488 63,429
1981 181,358 64,108
1982 162,703 57,877
1983 162,635 57,995
1984 161,167 58,049
1985 161,362 59,819
1986 157,661 59,596
1987 155,468 59,603
1988 155,906 60,501
1989 144,687 57,158
1990 158,079 62,883
1991 158,477 62,942
1992 155,796 62,085
1993 155,197 61,331
1994 150,943 59,575
1995 149,642 59,999
1996 130,476 53,358
1997 131,854 54,553
1998 131,617 54,056
1999 132,324 54,659
2000 133,710 55,925
2001 128,821 53,967
2002 217,219 89,200

The measurement of education changed in the CPS after the 1990 Census from a count of years of school
completed to amore degree-oriented measure which better assessesthe diversity of post-secondary education. The present
study reconciles the two categorizations of educational attainment by collapsing both sets of categories to an ordinal
polytomy of six categories. The crudeness of this categorization blurs the distinction between the two different
categorizations of educational attainment. The categories of highest level of education attained used here are:

elementary school or less

some high school
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completed four years of high school

some college

completed four years of post-secondary education

completed more than four years of post-secondary education

Thedistribution of annual wageincomeis estimated as a histogram with rel ative frequency binsthat are of fixed
length, $10,000 wide (in terms of constant dollars), to facilitate comparison between the more dense | €ft tail and central
mass and the less denseright tail of the distribution.

Appendix B: Estimation of the Unobservable ., from Sample Conditional Medians, Xq:’'S

The unconditional mean p, cannot be reliably estimated from reported wage incomes because a) estimation of
the mean is not robust against large outlying wage income observations, b) the CPS' sampling frameis not optimized to
samplelargeincomes, and c) the Census Bureau itself believesthat thereis substantial error in the measurement of large
wage incomes [46]. The estimation of the median avoids these problems. Estimates of it are as robust as any sample
statistic of annual wage income can be.

Itis possibleto estimate ., in terms of the sample conditional medians, the Xy, S, and the proportions
of the labor force in each category of education, the w,,'s (34) (37), by using Doodson’ s approximation formulafor the
median, (Weatherburn, 1947 [54],cited in Salem and Mount, [39]):

mean - mode ~ 3 (mean - median )

of atwo parameter gamma pdf [39]:

(e, - 1)
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The mean of a gamma pdf isthe ratio of its shape to its scale parameter:
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where w,, < 3/4.
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